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ELEMENTARY SET THEORY AND 
COUNTABILITY 


1.1. Definition 


A set is a well defined collection of distinct objects. By well-defined we 
mean there is no confusion regarding inclusion or exclusion,ofbbjects. Sets 
are conventionally denoted with capital letters and-small tetters will 
represent the members of the set. 

Note: This definition is widely accepted-hut not absolute. v 

Following notations will be used for someXpflhe^specific sets that are 
commonly used. v 5 \ 

N = The set of all natural numbers or ail positive integers. 




Z = The set of all integers 


The set of all rational numbers, 


The set of all Irrational m 


Note: No set is member of itself,; 

jSjjfi 

i.e. A & A for every set A. 
Russell’s Paradox: There is no si 


Reason: Let if possible. 
i.e. X = {A \ 4 is. set};:.:. 


By definition of set, X issei. 
And By definition of X 


Which is a contradiction. 


1.1.2. Operations on Sets 

Let a and B be two sets. Then 

1. Union: The union of A and B, denoted by AuB »is defined as the set 
{*] xe Aorxe.B }. 




While writing AuB, elements common to A and# should be taken 
once in die union. 
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Also note that Akj A - A and if A<z B, then A u B = B 


Example: 


(a) Take ,4 = {1,2,3.4} 

B = {3,4,5,6} 

Then A u B = {1,2,3,<4,5,6} 

(b) If^ = Q 


Then AkjB = 


1 

\ \\ 


2. Intersection: The intersection of A and £ ? denoted by ^ n 5, is defined 

as the set{x|xev4and£ both} . \ 

\ . * * w 

Thus AnB consists of all elements commoi{to^and B. Also note that 
A n A - A and if A <= B then A n B^A 

If AnB = 6 , then the sets A andihare cSi'ed Disjoint. 


(a) mmmLziA} m // 

5 = {^5,6}r:;,; 

'j§|% ® /■;/ - •. 

Then ^n5=||} if, 1 

m i'J " ' • . 

(b) If^ = |I „ e Nj aiM# = j-”/ «sn| 

Then AnB-§ 

3. Difference: The difference oLTandi?, denoted by A - B, is defined as 
the set {x j x e Aandx e 5}. 

Thus A - B is the set of all elements of A not belonging to B . 

Similarly, we can define B - A 
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Example: . 

(a) If A = {1,2,3,4,5, 6 , 7} and5 = {4,5,0,7,8} 

Then ^-^ = {1,2,3} V.^ 

(b) IO = K 


Then A-£ = R-Q=tlf 
4. Complement: The complements 
denoted byA c 9 is defined as the ^l 
/ notation we can see it as u - t 

■ From. this definition, 

U-A uA c ,AnA c =<j>, 

Example ; 

(a) If ^ = {1,2,3,4,5}and 


•*“«**. 


4Nn^th.e set U (universal set), 
tx^T/such that A). In other 


easy to verify that 
if A, Bcz C/and Ac B then 


Power Set: The power set of A ^denoted by P(A), is defined as a set 
{X\ X a A}. Thus, P(^4)is collection of all possible subsets of A. 

If \A\ - n , Then \e[A)\ - 2” 

(where, |^| denotes the number of elements in the set A . i.e, cardinality 
of the set A) 
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if A = {x,y,z) 
Then 


V \ . 

The cardinality of the set {xi ^z} '''; ' is ...three., while there are eight 
elements in its power set. s 

6. Cartesian Product: If A and B are nonempty sets), then the Cartesian 
product AxB of A and B is the setWf ML,ordered pairs (a,b) with 

*_i i „ nri-_4. 


i “'“Vw *vv 
V 

\. _ \ 


a € A and b e B . That is, 
AxB:={(a y b):a^A,bzB ). 


Thus if A = {1,2,3} and B = {1,5} ,Hhen\he'set AxB is the set whose 
elements are the ordered pairs^? ' JZ ■: yf ? $' . : 

(1,1), (1,5), (2,1), (2,5), f?" I 

We may visualize the settfx 5 'as the set of six points in the plane with 
the coordinates that we have just lilted. // 


Note: AxB *0&A whfehjf'^ B and also if any of A and B is empty then 

AxB = $. % fig^ // 


Relation: Any subset 


f a relation from AtoB. 


Example: f 'Let4 ^ = {1,2,3}" and 5 = {4,5} 

1( y) ^ p 1 •' ' 


define 


Functions And Their Pr^ertips 

1. Function on a set: A relafibn / from a non-empty set A to another non 
empty set B is said to be a function, if each element x e A corresponds 
to a unique element y <aB and they which corresponds in this wayto a 

given x is denoted by f(x ), and is called the value of x under /. 

Note: If / is a function from a set A to a set B then we write it as 
f:A->B. 

2.. Graph: Iff is a function from AtoB, then set of all ordered pairs 
(x,/(x)) is called the graph of the function /. 
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Ranged) 




Domain 


‘Co-domain 




■jSjiVe 1 


•S®j$ 










y.'yi •'• ■’ . 
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3. Domain, Co-domain & Range of a Function: For a function / from 
A to B, the set A is called the domain of/ and the set of values of / is 
called the range of / and written as f{A) , whereas B is called the 
Co-domain of /. Clearly f(A) c= B . All these sets can be seen in 
following figure easily. 


Equality of Two Functions: Two functions f and .are..said"to be 
equal if v Vv 

x/x ■' 

(a) Domain of / = Domain of^--^,^ 0\ 

(b) VxJ(x) = g(x) // 

Note: The terms ‘function’ and t mappihg , 'ai*e,gyaonyms./’ 

4. Counting of Functions: Let A and^be twdrfinite sets having m and 

. n elements respectively. Then eahh^d5i^..of A cah be associated to 

any one of n elements of set B. Sd^totm^umber of functions from set 
, A to set 5 is equal to ways oft&vinemjo6 where each job can be done 


rtinite sets having m and 
if A em be associated to 
ber of functions from set 


can be done 


in n ways. Hence total number of function from A to B is n m or 


Example: Let Abe the -set confining 10 elements and B be the set 

! k. 1 // 


containing 5 


1.1.4. Classification oj 


l- :' Of^^^^teective)lgmction:/iVe say a function / :A~>B is one- 
one if/(xj)=i^|^) Stj =X 2 /wxy,x 2 e A i.e. no two elements in the 
domain correspoilt$p jhe samp element in the range. 


Algorithm to Check Injectivity of Function 

Step 1: Take two arbitrary elements jq and x 2 in the domain 

Step H: Put/(^) = /(ir 2 ) 
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Step III: Solve/(xj) = f(x 2 ) . If f{x ] ) = f(x 2 ) gives x 5 =x 2 only, 
then /: A—>B is a one - one function otherwise not. 


Example: f : [0, l] -> R defined by 
/(x) = x 2 is a one-one function. 

v f(x)=f(y) 


x = y (v x,y > 0) V x,y e [0,l] 


Remark: 


V. V 

(a) Injectivity of a function can also be cheeked -from its graph. If any 
straight line parallel to x-axis intersects the curve y' = /(x) at most 
at one point, then the function /(x), is oneNorie or an injection 


otherwise it is not. 


(b) If /: A—>B then x 3 = x 2 


/(x 2 .).,js true for all xj,x 2 eA. 


However /(xj) = /(x 2 ) => x^x-z^A is true only 

when / is an injective map. V • // 


(c) If A and B are finite sets haptig ^and« elements respectively then . 


number of one-one functions.,from A to- B~\ J 


# .. D i Pmi $n>m , wmimrn 

m ^ to/ £ = < where g|gp|)^: • | 

<•;/ • 0 if «< m K , 1 




(«-k)i|te s ^ 


ction/y :A~>B is said to be many-one 
elements of set A (if exists) have the same 


image m B. 


Example: Consider the function defined by /(x) = x 2 , 

then / is many one function. 

3. Onto (Surjective) Function: A function / :A->B is said to be an 
onto function or a suijeetive function if every element of B is the / - 




























H 


Remark: It depends upon domain and co-domain respectively for a 
function to be one-one and onto. 

Example: The function/.:[0,l]->R defined by a one-one 

function where as function/:[-1.1 ]-»Rdefined,by f (*)-x 2 is not a 


one-one function. (v /(-1) = /(I) = 1) ” 

Also function/: [0,l] 3R defined by /(x)~ A>, e i‘s not an onto function, 
but / :[0,l] —> [0,1] defined by f(x) = x 2 i¥«n onto function. 


Remark: If A and B are two sets having ™ and/t..elements respectively 

No.. 

and let ]<, n <,m , then number of .onto ' functions from A to B is 


_r=1« 


Example: If \A\ = 4,\B\ = 3 


4. Into Function: A function of ' f \ 'A—>B is an into function if there 

'ft / ■ 

exists an element in B having ho pre-image in A .In other words, 


36 onto maps from A to B . 


is an into.fdm 

■ 


5. One-One Onto (Bijective) Function: The map f:A->B is bijective 


if it is one-one as well astonto. 
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image of some element of A i.e. if f{A)~ B or range of/ is the co¬ 
domain of/. 
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Example: The map /: N --> Z defined as 


denotes the greatest integer fimction) is bijective function 


(Where 


Cantor’s Theorem: For any set,4, there is no map from A onto the set 
P(A) . the power set of A. 

Reason: Let >-P(;4)is onto. 

Since for every * e A , (j>(x) is a subset of A . Then either* G(j>(x) or it 
does not. Now consider X = lxeA:x<£ d>(*H 


Since X is a subset of A and (j)is onto, then X = (j> (t) for,.sdme t e. A , so 
either t e X ort ^X Aft g X and since X - (j>(r) v .We must haver e 
. Which is contrary to the definition of A - ". “N, 

Similarly, If t & X then t ''which is also a 

contradiction. \ 

So (j) cannot be onto. .' 

Remark: There always exists a one-one map from A to P(a) . 

Countable and Uncountable Sets \ 

1. Similar/Equivalent/Equipotentiaf Sets; Two set A and Rare called 
Similar if and only if there exists an bijecti ve function between them and 


wMm 

tew 


iL’Cy;* vr.' 


a bijectidh. 


(b) Every set A il^jpvalent^to itself as there exists an identity map on 

A . ,// ■ ■ 

(c) If A ~ B and B ~!C then ,4 ~ C . 

(d) The main difference between a finite and an infinite set is that every 
infinite set is equivalent to at least one of its proper subset whereas a 
finite set can never be equivalent to any of its proper subset. 

#It is so important that some of the authors use this note as the 
definition of finite and infinite sets. 

(e) Subset of a finite set is a finite set. 

(f) Empty set is considered as a finite set. 






31 i -.'.v 
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3. Countably Infinite Set: A set .vis said to be countably infinite if it is 
similar to set of natural numbers i.e. ifs ~ N . 

Example: Z is a countably infinite set. 

Reason: Define <f>: N -> Z as 

+(«)=(-i)"[f 

Clearly (j> is bijective function from N to Z 
Z is a countably infinite set. 

In Abstract: We say a sc! can be put under counting system or process 
if a rule can be imposed over that set by which successor is defined. 

4. Countable Set: A set 5 is called countable if li-is^eitfier finite or 
countably infinite. In case of countably infinite ^berKi>function f 

which establishes a bijection between N ap<3, the. elements of 5 . 
Therefore the set Scan be displayed as 5 = , If we 

write {a l ,a 2 ,...,a n ,...} in plaice then 

^ — {^1 > ^ 2 »• • •» a n > • • •) \ \ ” 

5. Uncountable Set: A set which is not a co^aW^et’called uncountable 

Noie: If every map from a to B Ms'm^onto. Then we say B is 
larger than A in the sense of cardinality, i.e. the co-domain has more 
potential than the domain. /T 


If the domain has less potential thensevery mapfirom A to B fails to be 
Let A and B are finite set dn§ I^j . Then A is similar to a subset of 


6. Let A and B are finite sef Then 

B and B is not similar to any of tie subset of A . 

Hence \a\ =j^j "iff A^X^B,$n6B~i0A ; r 


Note: If we define cardinally pf infinite sets no matter how it is defined 
but these cardinality will folio# the above rules. 

Cardinality of Infinite set: For infinite sets we use symbols to denote 
their cardinality fggf // 

|N| = K 0 (Aleph naught) ?/ 

-• jKj-c (Continuin^^' ff • 

These symbols whicfi%re^sed to denote cardinality of infinite sets are 
known as transfinitefiumb^rs. 

7. Arithmetic of Cardinal Numbers: K 0 denotes the cardinality of N and 

c denotes the cardinality 6f IS . - £R||sjJ jjg§ 

( a ) +^q + ....+K 0 = K 0 ’ ” • f •• 

n times 

(b) «+%=;Kq,/igN 

(c) N 0 + c — c 000:0: ■ ' ■ 
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n times 


2 K ° = c > K 


(i) K 0 ^° =2^° =c 


(j) No =2 


(k) K 0 <c 


(I) n<«6 

For any transfinite number a, p,y \ s ’Ov w '' 

\ \ \ 


(m) a+P=iargerofaandp 

(n) ap=largerofaandp 

(o) a^-a Y =a^ +r 

(P) (« P ) 7 =(af 


. "V 


(q) (<tf) T =aT-pT 


« “ T ^ T ^P J ; 

(s) y a <y P if a< 0 ^^ 


8. There is no transfinite -pquiber between K 0 and c. 

9. If A and B are two sets with /Cardinality a and p respectively and 

F = {/|/:2%ftM arc i|d=p a 


10 . /?={/l/:N-»I^ #h •ea'rdta|=No K# = 2 t< »=c =>fi is 

0& 0 '• . 

uncountable. f \fj 

11. F 2 ={f\f: [0,1] —Then card \F 2 \ =c c = 2 C => F 2 is uncountable 

12. The set of all equivalence classes of an equivalence relation on a set is 
called Quotient set. 

(a) Quotient set of countable set is always countable. 

(b) Quotient set of uncountable set may be countable or uncountable. 
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Properties of Sets 

1. Two finite set are similar iff they have same number of elements. 

2. Every countable set is equivalent to a subset of natural numbers. 

Reason: Let A be any countable set. Now if A is finite then it is similar 
to for some n. 

Else if A is countably infinite then A can be written as 
A = {a u a 2 ,a 3 ,...} : 

Nowdefine >Nas(|)(£ 2 ^) = A: \/keN 
This(j) is a bijective map and thus A is equivalent to.$ . 

3. Every set equivalent to fmite/infinite set is finite/inferitc\eL“ V "x v 
Reader should prove it themselves. 

4. If A is similar to a subset of 3 and ,£ is similar Rk subset of A , then 


Tut your Own Mates 


Reason: As A is similar to a subset of B 


=> A has less potential than B 




Also B is similar to a subset of A 


B has less'.potential than A 


5. A set is infinite iff it contains 
Reason: Let Xbe any infinite set. 


infinite subset. 


Again take another y e 

DefippU 2 i \ a I} df|| 


Clearly A c X 

This shows that every infinite set has countable infinite subset 
Converse is obvious. 

Hence a set Ms infinite iff it contains a countably infinite subset. 
Every infinite set is equivalent to at least one of its proper subset. 
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Reason: As done in above property construct A = (J A, 
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Now take B = A~{a } } and define Y = (X ~ A)uB 
Clearly a 1 g Y c X thus Y is proper subset of X 
Define g: X -» Y such that 


Clearly g is one-one and onto. 

This shows that if we remove one element from an, infinite set. Then its 
cardinality does not change. 

By the same procedure if we remove finite number' of elements from an 
infinite set then its cardinality remains same. \ 'C" ‘ 

A finite set is not equivalent to any of its proper subsef, 

Reason: Let A is any finite set and B c A 
of elements then A and two finite set are 
number of elements so A and B can-not 
can be equivalent to its proper subset, i ^ , 

Countable union of countable set is countable. " 

if B is an uncountable set and A ,is a'countable set then (B~A) is an 
uncountable set. .. \ r. 


B has less number 
ff they have same 
be equivalent. Thus no finite set 


Reason: Suppose that 
B = (B-A)uA (being a 
B is a countable set. But t] 

Thus B-Ais uncountable 

10. Family of all finite subsets of countable set is countable. 

■ T mk- 

Reason: Let 4 be any couhtab 

If A is a finite set theh ihothini 
infinite set. . 

ri mm 


lmon^fpl^e countable set) is countable thus 
lis is not possible as B is an uncountable set. 


r e. Now, Suppose A is countably 


that collection of all finite subsets of N is 


Now define' 


unidnyof all .subsets of N having single element i.e. 


Thus, A l is countable^ y 

Now, Let A 2 = Union of all subset of N having 2 elements. Then A 2 is 
countable. 

In this manner A„ is countable Vn e N 

Thus if JF denotes the collection of ail finite subset of N then jF 

00 

~ U Ax w bich is countable (being countable union of countable sets). 

*=1 

11. The family of all infinite subsets of an infinite set X is uncountable. 
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is a countable set. 


Reason: Let P m =\aQ^aix+...^a m x m :a- t e 


Then P m is countable A e 
<i>: A, -* 0 x 0 x ...x 6 defined as 


as there is a bijection 


Now if P denote the class of all polynomials over Qthen clearly 

» ■ 

P = (J which (being countable union of countable set) is countable. 


16. Set of all circles whose Centre and radius are rational number, 
countable. 
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Reason: Let 'J? denote the family of all subsets of the set X and Jl 
denote the family of all finite subsets of X. Then family of all infinite 
subset of the set X is equal to Which is uncountable. 


(By Property 9) 


Remark: 


(a) The family of all subsets of countably infinite set is uncountable. 

(b) all are uncountable set. 

12. Finite Cartesian product of countable set is countable. 

Application: N x N x ... x N is countable set. 

13. The set of all positive rational numbers is countable? . ; 


Reason: 0 + =<—: 


p,q are co-pnme positive integers 


Let A = {(p,q);p-,q arc co-pirime positive integers} 

Clearly the elements of Q' and A are, in one-one correspondence and 

therefore Q 1 is countable iff A is countable? Since A c N x N and 
N x N is countable, therefore, A is countable:., (being subset of countable 
set) X > 


Hence Q is also countable 


(a) Q = Q uQ w{0} is countable f //• 

(b) By view of 12 & 13, we can say ZxZxt.xZ, Qx(Q)x...x(Q> all are 

countable sets. .] // 

Infinite Cartesian product "ofCountable sets A h A 2 ,A 3 ,...A n ... (where 
|4|>2, for infinitely many values of W) is uncountable. 







































Elementary Set Theory and CountabJility 



Algebraic number: A real number is called an algebraic number, if-it i s 
a root of a polynomial P(x)~Oq + OjX +...0 '{a n * 0) with 
rational coefficient. . \ 

Transcendental number: A real number which is not Algebraic is 
called a transcendental number. 



17. Set of all algebraic numbers and set of all transcendental numbers forms 

a partitions of dte set | >'/ ■ 

18. Every rational number is algeftrEull. . ,// 


20. Irrational number: i^||^;algebraic/br transcendental. 


Example: 




v 2 is an algebialcjtamjiber and k is a transcendental number. 

•// 

21. Set of all algebraic number \£ countable. 

Reason: For / \/a fixed in eNw{0} 

P m - jog + a 2 x 2 +...+a m x m j <% e <Q)J .This P m is countable. 


define 


Now take p = [J P m and being countable union of countable sets it is 

»jf=N 

also countable. So, P is countable. 

Now if a is any algebraic number then there is a polynomial in Psuch 
that whose root is a. 
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Thus the set of all algebraic numbers is contained in the set of zeros of 
polynomials in P .Now all we need to show is that the set of zeros of 
these polynomials is countable. 

Since every polynomial can have at most k real roots where k is degree 
of that polynomial. Now we denote the set A m as the set of zeros of 
polynomials in^„ . Since P m has countable number of polynomial and 
further all of those polynomial have finite number of zeros so A m will 
have countable number of elements. 

Now define A = |J A m » the set of zeros of polynomials in P , being 

countable union of countable set is countable and set of algebraic 
numbers being subset of this set. . \ 

.-. Set of algebraic numbers is countable. ' 

22. Set of all transcendental numbers is uncountable, x '"O 

vW - . • 

Reason: Since R= .Zk jT' where Jl is set of all algebraic numbers 
and T is set of all iraiiscendeiitanViutibers. Nowhsiriee 2/? is countable 
and R is uncountable 

:.T = R-Jl Is uncountable > \j^ymsing the result 9) 

23. Arbitrary collection of disjoint open interva 1 s is,countable. 

Reason: consider 7 to be the collection ofdjsjoint open intervals. Now 
if I is any interval then we can find a rational number which is not in 
any other interval we denote that take any other interval there 

we can find any other rational number,^ in this way we can find a 
sequence of rational numbers a^Jt0^ y ..,a n> J, where each a, is from 
different interval and thus j|Pcan generate a set of rational numbers 
having one-one corresppl^^with the set 7 and since that set of 
rational number is countable so 7 is also countable. 

24. There does nofi-exist any onto function from a countable set to an 




:tion from an uncountable set to a 


Countable / 
Uncountable 


Countable 


Rational Numbers (Q) 


Uncountable 


Non Empty, non-singleton Intervals 
(Open, closed, semi-open, semi-closed) 
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Countable 


Uncountable 


-21 fl 22?23 a 24. a 2 n 


a nl?n2 a n3 a n4 . a nn 


Irrationals 


Real numbers (R) 

Algebraic numbers (j?) 
Transcendental Numbers (^T - ) 


Uncountable 


Uncountable 

Countable 

Uncountable 


Irrationals 


Algebraic 


Transcendent 


27. There exist intervals which are countable-e.g. \u,a] \Vo e R 

28. Every countably infinite set has cardinality''bs 0 (Aleph Naught) 

..L \s,,\ L 

29. ‘ c ’ is the smallest cardinality of any uncountable set. 

30. The unit interval [0,l] is uncountable’^ 

Reason: Let us assume that [0,1] / 

=> either [0,1 ] is finite or comtably^Mdite. // ; 


Since every non empty, non singleton interval is an infinite set, [o ]] ^ 
Countably infinite. /■/ 

ff "\ /'/: ■ 

=> There is an enumeration x h x 2 ; : x 3 ,.... of real numbers in [0,1]. 
Expanding each x t in the form of an infinite decimal, we have 


where each a ( j e {6,^2,3,4,5,6,7,8,9). 

/■ 11 

Consider the number b with decimal representation 
b-0,b i b 2 b i ....b n . 

where is any integer from 0 to 9 such that 6j A 

b 2 is any integer from 0 to 9 such that b 2 * a 22 


b n is any integer from 0 to 9 such that b n *a m and so on. 
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Clearly, b g [0,l] and b ^ x n V n since the decimal representation of b 
is different from the decimal representation of x„ as b„ a nn . Thus b 
escapes enumeration and w e arrive at a contradiction. 

Hence [0,1] is not countable. 

31. (0,1) is uncountable set. (By property 6) 

32. Any open interval (a.b) is uncountable where a r- b 

33. Any open interval (a,b) is equivalent to any other open interval (c,d) 
where a*b & c-fd 

Reason: Let .v g (a.b ). Consider a function / :(a,b) ->{f, <L) given by 


Tut your Own SNotes 


It is easy to verify that / is one-one and onto. Hence.the Tesult follows. 

V ~s, 

34. Any closed interval [ a,b] is equivalenf to.. any other closed interval 

\c,d) where a*b & c*d \ 

35. Any two non-trivial in tennis are equivalent ,(n6n-empt>', non-singleton 
intervals are non-trivial) 

36. The set R of all real numbers is uncountable. ', 

Reason: To prove this, it is suffi^enfto^sbow that|0,l)~ R. Consider 
the function /:(0,l)—given by 






Clearly, / define a one-to 
This proves that (0,i) ~ R-T 


ioiTespondence between (0,l) and R 


>: Let (a.b) be an open interval. We bend (a,b) 
-p||this senii-circle tangentially on the real line R 


as shown iridigur 


Let P be a point of (a,b ). Then, by joining P with the centre of the 
semi-circle and producing it to meet die real line at P ', we can locate a 
point on the real line corresponding to each point of (a,b) ; and 
conversely. This establishes a one-to-one correspondence between the 
sets (a,b) and R . Hence R is uncountable. 


28A/11, (First Floor) Jia Sard, Hauz Khas, Near 1.1.T^ New DelhMlOOie, Pt: (011)-26537527, Cell: 9999183434 & 9899161734,8588844789 
... ._ E-mail; info@dipsacadenxv.com: Website: myw.dipsacad emy.com 








































Elemenlan Set Theory and CounlabHlitv 






An ISO 9001 : 2008 CertrBgd Institute 


37. Any uncountable subset of M is similar to®. 

38. R-(a, b) Or [a, b] or (a, b] or [a, b) Also M - K" Implies 

K ~ C ~ K 2 => Set of all points of the plane is uncountable where a * b 
. Also(0, l)x(0, 1)~(0, 1). 


Tut yovr Own Motes 


40. Set of all functions having domain A (countably infinite) to the co¬ 
domain B (containing at least two points) is uncountable set. 

Cantor Set : ^ x 

For describing the Cantor set. we shall give the fol 1 owing■ preliminaries on 
the ternary expansions of the real numbers in [0, l] which iS needed for 

the arithmetical characterization of the Cantor set. v XX. ■ 

X; 

In the ternary expansion of a real numbor x. we use the digits 0,1 a nd 2 . Thus 

\ \ \ 

in the ternary scale, x = 0 .a { o 2 « 3 -- means th^t x-= where 

x 3Z 3 ~ 

flj,a 2 »^ 3 » -, will take any one of the value?0,1 and2,l Except for numbers 

1 2 \ kx \ f 5 

like—,—, etc. The ternary expansion of every real number is unique. 

3 3 V ’ "'-X--.....-' 


we have the followii 


expansions: 


we have the folio’ 


two expansions 


The numbers 


expansion. 




Now consider the closed interval [0, l]. From[0,l], let us remove —| 

v3 3y 

which the open middle third part is of[0.1 ]. Then we obtain the intervals 
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Now we shall remove the open middle thirds of each one 


of these intervals. That is we 


At each One of the succeeding stage, we shall remove the open middle third 
of each open of the remaining close intervals. If this process is carried for a 
countable number of times, removing the middle thirds of the left out 
intervals at each stage, the set of points left out in [0, l] is called,lhc Cantor 
ternary set or Cantor middle third. 






IIIBIS 


First note that any number in 


removed in, the first stage has the 
expansion of the form 0 .1<7 2 <23 <24 •... Tor all numbers removed in the second 




1 will occur in, the''second place in the ternary 


scale on the assumption 


In a similar 


manner, all the numbers removed inrfh&^tn^tage will have 1 in the 72 th 
position in the ternary scale. All the 1 ^o ^n umberf will not have one in 
their expansions. Hence the Cant^fe fis the set ofill numbers x in [0,l] 
which have a ternary expansion Iil6&t digit 1. Where we assume that if the 










mfmm 


'Sfac.w: 




end points like 


have two e; 


.ions, we shall take that expansion 


■ - - 


•iAHwXv! 






without one’s. 




ipear that only the end points. 




»ne in thecCantor set. But this is not so. For 


-• v 


and it is in the Cantor set, since 1 


does not appear in the expansion./^ 
Further it is interesting to note the 

i , sfe, f~f ■'; 

removed in [0,1} is one as sebn below. 




: l- 




The sum of this geometric series is 


spss 

SIP' 
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Results on Cantor’s Set: 


Tut your Own Notes 


a n = 0 or 2 f is another expression of Cantor set. 


2. Cantor set contains no interior point. 

3. Cantor set doesn’t contain any open interval. 

4. it is closed and bounded. 

5. Each point of cantor set A is limit point of A . 

6. Cantor set is perfect. 

7. Measure of Cantor set is zero 

8. Cantor set is uncountable. • \>-; s 

Note: For definition of interior point, limit point, perfect 'set. closed and 
bounded set See Chapter 2. > N> ^ 
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POINT SET TOPOLOGY 


Definitions and Properties 
I Archimedean Property Of Real Numbers 

1. If x , y are two positive real numbers then exist a positive integer n 
such that try > x . 

2. If x is any positive real number then there exist ^positive integer n 
such that n> x . 

3. For any real number x, there exist an integer /r such.that - < x . 


II Important Definitions 

1. Upper bound: Let s be any subset' 
called an upper bound of s if evei 
equal to M i.e. x<M VxeS . ^ 


ien a teal number M is 
?nr‘of"S is less than or 


Example: S 


Then x<l VxeS r* ^ ' ' //; C'Y ,< 

upper bound of S is 1 

Lower bound: Let S'be hny subset of M then a real number m is 
called lower bound of s if lVery element of s is greater than or 
equal to m.U. m<x ;,Vxe5. // 


Example: S = ^ 


•*- lower bound 0f S is -1 

Bounded Set: A set «$e]K: is called bounded if 3 two real numbers 
m and M such tha&m k x < M V x e 5 


Example: S 


Then -1 < x < 1 V x e S 
A S is bounded. 
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4. Greatest Element: If an upper bound of a set belongs to the set then 
it is called greatest element of the set. 

Examples: 

(a) 5 -- 1 ‘ : n g ?il . 1 is the Greatest element of i . 

(b) S'=(0,2], 2 is the Greatest element of .9 . 

5. Smallest Klement: If lower bound of a set belongs to the set then it 
is called smallest element of the set. 

Examples: 


(a) S = j—: n eN kj {o} , 0 is the least element of S'\E'\ 

(b) S = [2,3], 2 is the least element of 5 . , X-"' . ^ 

6. Supremum of a set: Let ScR, then smdll^st^ of all the upper 
bounds of a set 5 is called'the Supremum of the, set s or the least 
upper bound (iub) of the set 5 . 

X \ \ 

Examples: :i 

(a) + 

l 2 2 2 2 2 2 X 2 4 \X"J 

SupS = 2&2gS' % '■"‘X*. . 


(b) s « ;« e N • ^5*.• /$■ ■■ i X • 

7. Infimum of the set; Let SkS, Theii greatest of all the lower 

bounds of^a. set called Jthe Infimum of the set s or the 
greatest %yer hound the set 6’. 

Examples: . 

(a) s=|±L±!:Befsrl ff 

| >1 n . 

inf^=j|^»S' gif //. / 

(b) s= { 1 , 1 +5§yi-+-4--1 xl 1 

1 2 ^ 2 2 y 2 2 2 2 n ~ x I 

infS-leS/ \7 ; 

8 . Interval: Let s be a subset of R then we say s is an interval if 
whenever a,b e S such that a * b . Then V a<x<b=>xeS. 


(a) s is not an interval if there exist a,b e S,a &b and there exist t 
such that a<t<b but t g 5 . 

(b) Empty Set and singleton Sets are intervals. 


Foin i Set Topology 































Point Set Topology 


(c) If 5 is an interval and sup.S' = fL infS-ot then s is denoted by 
(a,p),(a.p],|a r p),(a,p] (depending whether they are member 
of S or not.) 

(d) Length of interval = .tup S - inf 5 . 

(e) An interval s is called an open interval if sups and inlS both 
docs not belong to s . 

(f) An interval s is called closed interval if sups and intS both 
belong to s . 

9. Order Completeness Property of R (O.C.P.): Every non empty 
bounded Subset of 3R has Supremum and Infimum in R. 

10. Neighbourhood of a Point: Let .S'cRaeM , we .say s is a 

Neighbourhood of a , if there exist an open interval 7 'such that 
a <= I and /cS. \ 


Examples: 

(a) IR is a neighbourhood of e very real nur 

(b) n is not a neighbourhood of any realm 

11. Adherent point: Let« e E and S&TBL?% 
point of S, If for every 5 > 0,(a 

Examples: 

(a) s - N, Then Set of all ad 
.(b) S =(0, l], Then Set of all 

12. Isolated Point: Let a iff 

point of S, if there exisffcp 

Examples: 

(a) s = N,thenevt 

: (b) I 

13. Limit Point: Ldf a 

if for e very : 6 zd ±{a 


called Adherent 






pig.cE, then a is called Isolated 
such that (fl-8,fl + 5)nS»{<i} 


e S is an Isolated point of s 

, u . .. „ 


N [fpen 0 i$ only limit point of s 


(b) *5=[0,1] thefeiet ofall limit points of s is [0,1] 

././ •• ' 

14. Interior Point: yLek *£ tE and aeR we say a is an interior point 
of S if there exist 6 > o such that (a-5,a+5)c:S 

Set of all interior points of s is denoted by S° 

Examples: 

(a) S =N, then no real number is an Interior point of S. 

(b) 5 or *S=(0,l) then every member of S is an interior point 
of s . 
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Tut your Own Notes 


15. Exterior Point: Let ueM. and 5cl, we say a is an exterior point 

of S if it is an interior point of S c in M (where S c means 
complement of S in K). Set of all exterior point of S is denoted by 
Ext S . 

Examples: 

(a) .V-Q then no real number which is Exterior point of Q 

(b) 5-(0J] then set of all exterior Point of 5 is (-oc.0)v^(l,») 

16. Condensation Point: Let aeR and , then a is called 

Condensation point of 5' if for every 8 > 5. <?-!•§) must contain 

uncountable members of S . Hence if S is not countable , then there 
exists a point in 5 such that x is condensation point of S 

Example: \ " - 


\ ,v v A ’ X. 

(a) S -Q c then every Real number is a Condensation Point of S 


(b) 5-Q then no Real nuiiab6Fts^<pndepsariohvpoint of S . 


17. Frontier Point: ael is said to be a TronfieriPpiilt of 5cR if it is 

neither an interior Point of 5 nor an exterior'Point of S’. Set of all 

„.. v 

frontier point of s is denoted by Fr.o \ 

\ \v. 

Example: ^ 

00 S = ^ 


Ext £=<{>=> (Ext Sf // 

Now, Fr(S) = is^'r^&k^^^nl^^ 

(b) s=N<m%. J 

%*, fe,. . j/ •• 




1 S/'Bourida^Pointj^&ntier Point, of S which are member of s are 

referred as!boundary point. Set of all boundary point of s is Hgg| 
denoted by $$f|, M 18 

Example: m. ■■■/' 

1 % /; • 

(a) f 

Then SS = Fr.Sn.S'-<J>n,S' = <J> 

(b) 5-N 

dS = FrSnS = NnN = N 

19. Open Set: A set s is called open, if it is neighbourhood of each of ‘ 

its point. • 

20. Closed Set: A set s is called closed, if it contains all its limit point. 
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2. Bounds of a set may or may not belong to the set 

3. If a set has one upper bound / lower bound then it has an infinite number 
of upper bounds/lower bounds. 

4. If $ is a bounded non-empty subset of M. Then inf S < sups 
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21. Derived Set: Collection of all limit point of a given set s is called 
derived set of S and it is denoted by s ! 

22. Perfect Set: If s = S’ then s is called perfect set. 

23. Dense Set: A set s is said to be Dense in any set X iff S - X . 


Bolzano Welerstrass Theorem \ 

Every infinite bounded subset of 1R has a limit'poi 
Note: \ 

(a) This is only a sufficient condition fo^sef 
unbounded infinite sets may have limit point 


e a limit point i.e. 


Example: s = R \ % // 

(b) Condition of infiniteness cannot // 

'Example 8 ={<U} does not fa|ge ai^fei jtp oint. /_■') • / 

(e) Condition of boundedness ca^nof Mi'llaxed. //:“ / / 

Example: s=Z does not hupany limit point 
Properties 1 // : 

1. A set may or may not pdssds upper and/or lower bounds. 




Example: 


(a) S = (-«o,0) then upper bound of £ is 0 and lower bound of S does 


(b) S =[0,co) then upper bound of s does not exist and Lower bound 


of s is 0 


(c) S= [0,1] then upper bbimd of S is 1 and lower bound of S is 0 









































Tut your Own Notes 






lip Sii 


ilpljj 




sg$4. 




ill 


28A/U, (Fi~. Floor) Jia Sara!, Hauz Kbas, Near I.I.T., New Delhi-110016, Ph.: (011>-26537527. Cell: 9999183434 & 9899161734.8588844789 
E-mail: lafo@dipsacadcmv.coro: Website: www.dips8cademv.com 


Point Set Topology 


5 If SqTqR where then 

(a) If T is a bounded above then sup S < sup F (existence of sup is 
followed by O.C.P.) 

(b) If T is bounded below then inf S > inf T 

6 . For any two non-empty bounded subsets S, T of R such that S czT; 
inf T < inf S < supS < supT 

7. For any two non-empty subsets S, T of R such that s<t V s eS,t gT 
then S is bounded above and T is bounded below and sbpXS) < inf T . 

8. If S and T be arbitrary non-empty bounded subsets, of R then 
(a) sup(SuF) = max{sup.S, supF) 






(b) inf {S u T) - min {inf 5, inf F} 

V 

9. If S and T are two non-empty siibset x ^P,,R. “then sup(SnF)* 

\;v 

min {sup6',sup F} \ 


Example: 


S = [0,lju{4} and F=[0,2] tliki^Jip^=4 yandsupF = 2 and 


min{sup£,supF}=2 f .^jfpk $ V " 

SnT =[0,1] and sup(5n^il|^iK : ^p(Snf) * min {sup S, sup F} 

10. Let S be any non-entpiy subse| of R having Supremum and let 
T = {Xx:x<= Sfethen F, is feollded^ove^SupF = Xsup5 V7.>0 

■■■ „ s w/ .... „ , . 

11. Let S be a non-empty set of R? which has Supremum and let 

T =?jte^ ^^^l8^ ^| bouaded&low and inf F = FsupS VF<0 

/ : f 

12. sup{xeQ:x^|f=a fop each cj-R . 

^Sk m /'/• ■ ■ ■ 

13. Finite union and ^arbitrary intersection of bounded subsets of R is 

// • 

bounded. fl. // 

14. A subset of bounded set is bounded. 

15. If s’ and T are two bounded sets Then 

(a) sup{x+y :x e S,y e F} = supS+sup T 

(b) mf{x+y:x e e F} = inf S+inf F 

(c) sup{x - y :x e S,y e F} = sup-S-inf F 
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(d) inf{x - y :x e 5,y e7} == inf S- sup T 

(e) sup {xy:xs S, y s T) - sup S sup T (where 5 and T 

subset of positive real numbers) 

(0 inf{Ay (r S,y e T) = inf 6 'inf 7‘ (where 5 and T are bounded subset 
of positive real numbers) 

Let\ 5 be a non-empty subset of R having 

r={xeR:x-oe5} C = (xeM: —e^] 

l 2 J 

supr-a+sup5and supC = 2sup J S’-a 

Example: 

Y 

Let .S' = {1,2,3,4,5} then sup s = 5 and Y 

E - {* e R: x-5 e 5} ={6,7,8.9, 10 } 

v. - 

Clearly supr^iO^+supS 


Tut your Own CNoti 


are bounded 


supremum and 




* 

Clearly supC = 5 = 2 svpS-5 \ \-L 

17. Every bounded subset of r is contain^ in tSu&n 

18. Countably infinite set is not a neiMBbfi^^of an 

19. Non-empty finite set is not a neigibo%^^f an^ 

20. Empty set <j> is neighbouriioj^^l^f its pomts. 

21. Every neighbourhood of uncountable: 

22. Uncountability is necess 

point but not sufficients 

’• •' pi 

Example: S =%? th||y 
of any of its points. <r ^ 


ncpuntable set but not neighbourhood 


a ls° neighbourhood of same point. 

P ma y ofmay not be a neighbourhood of same 


Example: S 


18 neighbourhood of 0 but it’s subset 


«eN[ ism 


25. Arbitrary union of family'bf neighbourhood is i 

26. If 5 and T are two neighbourhoods of point / 
neighbourhood of p 

27. Finite intersection of neighbourhoods of a poi: 
of dial point. 

28. Arbitrary intersection of neighbourhoods need 
of a Point. 


not be a neighbourhood 
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Example: S„ = (-—,- 
n n 


Then each S n is a neighbourhood of o. 

g u t pj* ^s n = {0} is not a neighbourhood of 0. 

29. There exist a countable infinite set 5cE, such that sup S eS c and inf 


= -s/3 e S c and inf 5 = -Jl e S c . 


30. There exist a uncountable set S c R, such that sup 5e S'- and inf S e S c . 

"v, . 

Example: S — (0,l) then supS = leS c and mf S = Ge.S' 

31. There exist countably infinite setScE, such^that' sup S e S' and inf 


Example: S = j -: n e N 


V V \ 

N \ \ t 

then sup S’ = 1 g S and intis - 0 e S c 


\ <¥ '\ % 

32. There exist uncountable set Scl, such that supS e S and inf S €S‘ 


\ \ 

Example: S — (0,1] then sup S = 1 e.S ancL]nf S = 0 eS c 

33. Intersection of the family of all neighbourhoods of a point x is singleton 

set {x} / 

34. A finite set has no limit J .& 

35. Limit point of a set may <fr may not belong to the set 

. / \ s /!/ 

Example: S=|ift] then^4| % a lipfit point of S . But 0 0 5 also 1 is a 


limit point of s andTl%%>.. 

' > . • 

' ■‘sfp' • • 

36. Infinitengs^i§;fhe : nei^ssary condition for a set to have a limit point but 

«tf]gpHK 4'" 

i.e. Infinite set may notjhave a limit point 
. Example: s = N (Se|ff all Natural number),does not have a limit point. 


38. Set of Isolated points of a set is always countable. 

39. Every limit point of a set is an adherent point of that set but converse 
may not be true. 

Example: s = N (Set of all Natural number) 

Then every member of s is an Adherent Point of S . But no member of 
S is a limit point of s 
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40 Limit point of a set s cannot be interior point ofS c 

Reason: Let peM. be a limit point of the set 5c JR and p is also an 
interior point of 

Then 3 e>0 such that (p~B,p+e)czS c then (p-E,p + s)r\S = c|> thus p 
is not a limit point of 5 which contradicts the hypothesis. 

41. Every interior point of a set is limit point of that set. Conserve may not 
be true. 

Example: S - (0,1) then o is a limit point of the sets but not an interior 
point. 

42. Every interior point of set is adherent point of a 
be true 

Example: S - (0,l] then 0 is an adherent point 
point of S. 


43. Interior point of S c cannot 


44. Supremum of a set S (if exist) is either * 
point of S 

45. Infimum of a set S (if exist) is either 1 
ofS 


46. For every set 5 5° is an open set * 

47. S° is the largest open set contain 

48. S and T are two set. Then 

(i) s<=r=>s°<=r 

(ii) (Sr\T)°=S 0 r^T° i 

(iii) (Sor)°^r IgA | 


49. For any subset of t, 

50. S is open iff 5=^Tor any subset Sfli.f 


52. S° is equal to the imioiLof all open subsets of S 


53. A set is closed iff its;cpmplement is an open set. 

54. The intersection of aro|traiy -family of closed sets is closed 

55. Finite union of closed set is closed. 

56. Arbitrary union of closed sets may not be closed. 

Example: S n = ~,1-- v«>2 then each S„ is closed set but 
n n 


U n= i s n = (0,1) is an open set. 
57. Every finite set is a closed set. 
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exist 


58. Derived set is always closed set 

59. Derived set of a bounded set is bounded set. 

60. If derived set (say) S is finite then s is countable set. 

61. Let s and T are two subset of real numbers. Then 

(i) SczT=>S'c:r 

(ii) (SuTy = S'uT' 

(iii) (Sr\T)'czS'nT' (where S'.T' denote the derived set of 5 and T 
respectively) 

62. Non-empty countable set cannot be open \ 

63. If a set 5 is open then 5c5" converse need not be-true 
Example: S = (0,1] then 5c5' = [0,l] but s is not an open set. 


64. If s is an open set and T is 
closed set. 


~T is. open and T-S is 


cioseu sei. \ 

\ 

65. Arbitrary intersection of open sets may not beoppo./ 

f j n \ » 

Example: S„ = —then each <S„-is an open set. But pj s„ = {0} 


which is not an open set. 

\ 

66. Every non-empty open set is union 


67 . Closure of a set s is denote J>y = S uS" i.e. closure is union of 

S and set of limit points of I if. 

Some Examples: f ’% *** Jf •" 


Set of adherent 
points 


does not 


does not 
exist 


does not 
exist 


does not 


does not exist 
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- -• •■••■'■■■•■■■■■• • .... . ,.4 .. . , , 


Boundary 

points 


:';NQne Of its 
v_ \ Points 


None of. its 
Points 


Each of its 
Points 


None of its 
Points 


None of its 
Points 


None of its 
Points 
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Set of 
limit 
points 


Frontier 

points 


\a,b); 


**Stodents are advised lo extend this table by themselves** 
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CHAPTER 3 


Sequences of Real Numbers 


3.1. Definition 

A map from N to R defines a sequence of real numbers when the images 
are arranged in the natural order of natural number i.c.. starting with images 
of n is followed by that of 0?-c ) i.c., f : N —> R is a sequence of rca! 
numbers and < f (u) > - < f(\),f(2),...> •we\ write 

< f\n) > - <a > < b„ >, < u >, < v > etc. .. N V/? e N, 

\ > .. - 

<a n > = <a \> a 2' a 5’”’>' A<:*< 

\ v -• 

When /: N -> C , then this function defines ,a sequence of complex 

v ..... \ \ < ‘ s '% 

numbers. • \ \ '• 

Note: A map / -> R (1). Define a finite, sequbpee of length n called 

as string ( S^ denote the set of first n natural numi>ers).Generally sequence 

is always infinite (i.e., non-terminating) but. if-.defined on finite set then it is 
given by (1). \ \ 


3.1.1. Range set of a Sequence \ fj • 

The. range set of a sequence is theyset coMstjijg of alfSistinct elements of a 
sequence and without regard to^fhe petition term. Thus the range may be gp| | - ^ J • 
finite or infinite set i.e.,the rang$%ef of sequence < u n > is given by 
:«eN} or simply by //. .. 


Some Important Example of Sequent 

1 . <a„ > = <«>>.;. J.. ; 


2 . <a n > - <-n> 


- ?/ 


'=(-17 

n IB /:/ • 

h.. W Si ’ 

f / ' 

m Jr // " 

1 .* ! 

_ x ■ 

n /■/ ' 

f \ u • 

(- 1 )" 


n 


2 

n = 1 or prime 

n 

else 

2 

n = 1 or prime 

P 

p / n Sc pis the least prime 
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3.1.2. Bounded Sequence 

A sequence < u n > is de: 


is bounded if its range set is bounded. Hence 
|^exis|?real numbers k' and k such that 


If there exist A' 


(a) Supremum and ihfiinvrm of the range set is the supremum and infimum 
of the sequence, w // 

(b) If the range of the sequence < a n > is finite then there exist a e M such 
that a n = a for infinitely many values of n. however converse need not 
be true. 


« = 1 or prime 
else 


Example: a, 


Then a n =4 for infinitelymany values of n but range of the sequence 
<a„> is not finite 
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3 1.3. Monotonic Sequence 

Let < a n > be a sequence of real numbers < a n > is monotonic if either 
a n < a n+ 1 V« g N (Then the sequence is called monotonically increasing or 
non-decreasing) or a n >a nJ _ x VneN (Then the sequence is called 
monotonically decreasing or non-increasing). 

If a„ < a u + 1 Vn g N, then < a n > is called stricly increasing or increasing 
sequence. 

If a n > a n +i V» e N, then <a n > is called stricly decreasing or decreasing 
sequence. 

Examples: v x>.„ 


(a) <a„> = <n> is increasing sequence. \ 

V \ V 
X., ■ 

(b) <a„ > = <-«> is decreasing sequence. ^ "’^x 

__ \.\ N ‘ 

(c) a IJ+1 - *J2 + a n V/? gN is monotonically increasing sequence. 


3.1.4. Eventual Nature of a Sequence , ' 

\ "X, ^ 

V 

1. A sequence <a n >is said to be eventually monotonically increasing if 
3 m e N such thata n+1 >a n Vw > m . \ 

, '■C'-h.w 


Example: < 0,2,-5,3,7,8,9,10,11,12,... 


2. A sequence < a n >is said to. be eventually monotonically decreasing if 

3 m € N such that a n+l < a n yp>'m . J /:/. 

... •" /./ 

Example: /o,2,0,2,l i 

\ • J 

% »Z 

3. A sequence (a„)is eventually cbbstapt sequence if 3 m eN such that 




Example: < 0 2 0 '2 0-3-8 5 7 7 7 7 7 > 

3.2. Limit Point of a Sequencb / 

A real number p is sM||t|Jbe a tfmit point or a duster point of a sequence 
if every neighbourhood of y? qqhtains an infinite number of elements of the 
given sequence. / V ,;/ " 

In other words, a real number p is a limit point of a sequence (a n ) if for 
any e > 0, a n g (/? - s, p + s) for infinitely many values of n. 

Remark: A real number p is not a limit point of a sequence (a„), if there 
exists at least one neighbourhood of p which contains only finite number 
of elements of ( a n }. 
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Note: 

(a) Limit point of a sequence need not be a limit point of the range set. 
Example: < a n > = (-1)* 

Then {l,-l} is a set of limit points of < a„ > but neither 1 nor-) limit 
point of its range set. 

(b) Limit point of the sequence can be obtained in three ways and they are 
as follows: 

(a) Representation on real line. 

(b) if the range set has a limit point, then sequence has limit point. 

(c) if the range set is finite. 

^ a.. = a for infinitely many values of n where u e 

. \ x 

=> a is a limit point of the sequece. 

Existence of A Limit Point ^ ^ 

Bolzano Weierstrass Theorem: Every bounded sequence has a limit point. 

i 

Reason: Since the sequence (< a„ > say) is \ound&d\ thus Range set of 
< a n > is bounded. 

Case I: If range set is infinite then by Boks^Wefefetrass Theorem for set, 
range set must have limit point thus sequence < (fyxhas a limit point. 

Case D: If range set is finite then L ut=J. such' that a n = a for infinitely 
many values of n .Evidently,a is a lirmtwinf ofthe sequence < a n >. 


Own Notes 


Subsetpence 

Subsequence of a sequencers defined with the help of sequence of natural 
number. Consider a map /I N -> N defined by f(k) - n k and let < n k > be a 
strictly increasing sequence of natural numbers. Then for any sequence 
< a n >, the sequence < a hk x > is' defined as a subsequence of < a n > . 

Example: Let <a n > be any sequence of real number. Then 
<a 2 k >,< a 2 k-i >>< a 2 k ><a 2!: > are subsequences of <a n > where 

<a 2k > - < b n > = = a 2’ fl 4’ G 6’ <:i! 8’ — 

Similarly <a k > = <c n > = c u c 2 ,c 3> c A ,... = a 2 ,a A ,a 8 ,a l6 ,... 


Thus <b n > is a sub sequence of <a„> and <c n > is a subsequence of 
<b „>. 
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3.3.1. Complementary Subsequences 

Let <a„ k > and < a nk , > are subsequence of <a„> then define 
5j = [n k \n k eN} and S 2 ={n k ' I n k' € ^} » then < a„ > and < a nj _, > are 
complementary subsequences if 


Tut your Own Notes 


Example: If < a t7 > is a sequence of real numbers. Then < a 2n > and 
< a > are complementary subsequence of < a n > . \ 


Remark: Unbounded sequence may have limit point. 


Limit of a Sequence VO- 

yA’V 

Let < a. > be a sequence of real number and / be a.real muinbe'r, (/ e R) then 

we say / is the limit of the sequence' < a n > if for any e> 0 3 m e M such that 

' V "Vv* 1 -' 

| a n -1 |<e V» > m . \ \\ 

\. ... t , 

Symbolically, we write it as lim a n = / or a n -4*Las’?z -> oo. 


sN' 




Algorithm: To claim / is limit of a se< 


1. Simplify | a„ -/1 to get j a n -1 1< where <j>(n}'..is function of n 

I:,; : ;i .(0^ f.y 

2. Solve the inequality <}>(«) < e|o geMjto (e). />'. - 










'v-. v : - ^ »■ 


w==[\^(g)] + 1 (where [\j/(e>] denote 


3. If \y(e) is defined V g> 
the ceiling function) 


=>\a n _, |<e Wrmm. r®®Mk, 

Result Based on the De&itipn: j 


$ip?? 

P5f| 


Let lim a„ ~M'mdM0ib2Mb (afb e M; then 

/./ • 


y.iffc/Ai 

;/^T,V' v s“C 






3. lim (a n b n )= lim (d„ )'|im(£?„) = ab 




provided h n * 0 V « e N and b * 0 


5. lim a n -a <=> lim (foz„) = fc lim (a ) = k.a VfteR-{0} 

n _vi vt_i.rv'x M 
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(a) In view the results 1—5 we can say that the operation of limit is 
compatible with addition subtraction multiplication divison and scaler 
multiplication. 

(b) Converse of the above results 1-4 is not true. 


Examples: 

(a) Take <a n > = <n> and <b„> = < -n >, then < a n >,< b n > are not 
convergent 

(i) <a n +b n >=< 0 >, which is convergent. 


(ii) — = < -1 >, which is convergent. 

< b„ > 


(b) Take <a n > = (-!)”,< b n > -(-l)” +! , then < a.„ >,<£,, > both are 
not convergent , 


(i) < a n b n > = < (-1)- > = &-l > Which iscoi 

:■ X \\ \ 

(ii) <a„-b n >-< 0 > Which is convergen&s^ 


(c) Every convergent sequence is bounded;'however converse need not 
be true. 


Reason: Let lim a n - a (as. 

CO 


Then for given e>0, 3 k e N 


j a n - a |<e V n>k=>a-e<a„<d'- 


Take. M = Tsm.{a h a 2 y^a k ^a^^^m = miii^j,a 2 >»» e} 


Then m <a n <M Vn e N.- This implies < a n > is bounded. 
Note: Converse need not be true."% // 


Example: Take <a^> = (-!)", then <a n > is bounded but not 

(c) Limit of a convergent sequence is unique. 

Reason: Let < d n )> be sequence of real number such that lim a n = a 

f/ : - ■ n-KJo 

, ’if mfM if 

i Let if possible, s <, a n > also converges to a ' {a ' e R) 

Then for given Jf mi , nfi/4 N such that 


\a n -a\<zf2 


| a n - a ’ ]<e /2 Vn > if 


Take M = Max{mi,m 2 ) 

Now, | a - a • | = | -a n +a + a„-a : j 
=> \a~a'\-£\a „-oj + |q„ -a'\ Vn>m 


<g /2+ g /2 = € Vn > m 


G-o <e 
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Since g was arbitrary small. So e—> 0. a- a 
Hence, limit of sequence { a n ) is unique. 

Note: 

(i) / is a limit <=> every Neighbourhood of l leaves out only finite 
members of the sequence. 

(ii) Limit of a sequence is limit point but converse need not be true. 

(d) If Hm u n = l => lim | u n J=] /1 Converse need not be true. 

n—>oo n —>co 

Example: Take {?*„ } = (-!)" then (|w„|) = (l), is convergent but <u n > 
is not convergent. ... \ 

(e) lim \u n -/| - 0<=> lim u„ =/. . . 

n->00 «->=o \ S 

V V, x 

(f) If I u n i < I v„ I V n > m and lim | v n \ = 0 thus liitKjh^ = 0 (where J u n \ 

n —>oc 

denotes the absolute value of 

(g) If lim a n = a andu w > b V n > m, m e N . Then g E) . 

H->CO \ \ \ 

h % 4 %< 

(h) A bounded sequence < a n > is convergent.o if has unique limit point. 


v. \ 

(i) The above statement of the result prides a second definition for a 
sequence to be convergent L^>^equence is convergent if it is 
bounded and has a unique limit>oint.’ VVv ./;/ 


(ii) Condition of the abovejll&t.jggnot be relaxed i.e., if a bounded 
sequence have more than? one limit point then it cannot be 
convergent. : . 

Example: A sequence <a n > = (-1)" , is bounded havmg two limit 
points 1 and -l thus it jihot,convergent sequence. 

■ k." !l ' - // 

Application: ^ 

1. If a sequence (a n ) have more thin one limit point then (a n ) cannot 

{/ 

(a) <a n >—{“l)”is not convergent as 1 and -1 are two limit 
points of fei? / 


(b) <b n > = < (fl)* 4h > is not convergent as 1 and -1 are two 
limit points of (b n ). 

2. An unbounded sequence cannot converge to a real number. 
Example: 

(a) <a„>~<n> is not convergent. 

(b) <b n > = < (-1)” + n > is not convergent. 
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If a sequence has limit point, then it may not be convergent. 
Example: 

Consider a sequence <a n >~ <1,0,2,0,3,0,40,.... > then 0 
point of < a n > but <a n > is not convergent as it is unbour 

aonotonic sequence < a„ > is convergent <=> it is bounded. 








piSg 

p><xxr.gf‘ V. 


supremum. 


:nce"CQqvcrgcs .to its 


infimum. 

(iv) An eventually monotonic sq^uence js - 

(v) If <a n >,<b„ > be two sequences: 
a„<a„ +l Sb„ +1 <b n Vn>m and^ 


is bounded 


4 

(vi) Monotonic sequence can have at'most oi 
Applications:' 

(a) The sequence <a„> = < —> con^ei^s 
decreasing sequence andO is its infimun 

(b) The sequence <a n > ='< n> is r 

monotonically increaptg which is not bounded above. 

, then <a n > 


las 


V' ; : r 4 






it is monotonically 






(c) If 

converges^, 

(d) The sequence 


recursion formula 


to the positive root 


?! = Vf and ^ = v7 + v7 . 

Then S 2 > suppose that S k+l >S k . 

Then 7 + S k+i + S k ^>^jl+ S k => 5*+2 >4+1- 

Thus, by the principle of mathematical induction, S n+ i > S n Vk e N 
, and so (S n ) is monotonically increasing. 

Again S } =^7 < 7. Let us suppose that 
S k < 7 => -Jl + S k < V7 + 7 < 7 => S k+ i < 7, 

Thus, by the principle of mathematical induction, S„ < 7 V«, and so 
(S n ) is bounded above. 


Solution, 






































ffiafe. ii-- 



■••- ■• ... 
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Since (S n ) is monotonically increasing and bounded above, so 
is convergent. 

Let lim S„ —l, so that lim S „+j = /. ...(l) 

n —>co n —>30 

Clearly / > 0. 

Now S n+i = yjl -!• S„ => S 2 +l = 7 + . 

Taking the limit as w -»oo and using (1), we get 
l 2 =1 +1 =>I 2 -l -7 = 0. 

Hence / is a positive root of x 2 ~ x — 1 = 0 . 

1 ... -2 

(e) Let (tf ) be a sequence defined asflj > 0, a w+1 a,; +•:— , /? > 1. 

* • 7^v /t"' ... 

Then (a,,) is a bounded monotonic sequence, N \ 


Tut your Own Notes 


Solution: From a n+x =H we obtain +2 = 0, 

2 v ' a n ) .x X 

which is quadratic in a n . Since tliis equation has real roots, 

therefore aj l+x - 2 > 0 ==> a n+] >42 V w eTJ v 

. 

Thus the sequence (a n ) is boundedbelow'by .42 . 

V*- .. 


a n~ a n+\ ~ a n “T a n + 


>0 V« 


••• <*n * «»+l or **+■! * //, 

=> (a n )is amonotoni|al|i||qreafihg sequence. 

1 ’% // - 

Since (a n ) is a monotonically decreasing and bounded below 
sequence,||feefori^^^|s i: ^>hve r |eht. 

if 


Let lim a n =1, so that lim <z„ + f ..= I . Using ina„ +1 = — a n +-— \ , 
_ ■/ ' 2 v a R/ 

/<v ^H|r 1pj 

lim 1M < 2 „ + lim— 


n 


=> / «if /+-K i 2 M±>f=4z (v/> o) 

21 / 


Hence lim a_ = a/2. 


(f) Let be a sequence denned by Sj = 1,s„ +1 = ^—j-^-J 

VneN, then (s„) is a bounded and monotonically increasing 
sequence and converges to a/3. 
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are two positive unequal numbers and 


x n - ,V„ - 1 ) and y n - v n> 2 1 hen the sequence 

{*„} and {>>„) are inonotonic and they coverge to the same limit. 

(j) Every sequence (a n ) has a monotonic subsequence^,^ 'j . 

(k) Let be a sequence converging to /. Then every sub sequence 
of < a n > also converges to /. 

Reason: Let < a n > be a sequence of real number which converge to /. 
Let < a n , >be a subsequence of < a n > , \ 


So for given g> 0. 3 m e N such that 


Applications: 




Sequences of (a n ) so 


lim b, 

n-»oo 


be a sequence then lim a n - 0. Now 

J : •' «-Kc 


(1) A real num^^s a3|fhit pojnt of a sequence (a n )<=> there exist a 

subsequence 'j converges to /. 

Remark: % ff . , ;1 

' . • j %JS k : ■■ 

(a) Every bounded sequence has a convergent subsequence. 

(b) If each of the two subsequence ) aQ d {y> 2 n) a sequence 
(a n ) converges to / . Then (a n ) also converges to l. (v (a 2 „_i) 
and (a 2 „) are complementary subsequences of (<z„)) 

(c) If (a 2 «-i) and (“ 2 n) converges to different limit then (a n ) cannot 
converge. 
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Examples 


Tut your Own Notes 


Since (a, z )has two limit point -1 and 1. 

There must exist two different subsequences of (a n ) 
Say (b n } and (c n ) such that lim b„ = 1 and lim c n = - 

n-¥ co n—w 

Hence (a n } is not convergent. 


Since (^) = {(-l) + 


is a subsequence of (a^ and (b n ) -> f 


1 is a limit point of (a n ) 




Similarly, (c„) = ^(-l) 2tt+ +———j is a' subsequence of (a„) 
an d(c„)^-l \ '\l. 

\ .. Vv 

=> -1 is a limit point of (a„} \ 

Hence (a n ) is not convergent^ /) 

(c) Let (a n ) be a sequer^^of^^osilive real' numbers such then 
a„ = Jc„_i a „_ 7 for » >^¥fan (<0 -» ( <a&? - 


(d) Let a, > 0,a ? >0 and defined, 
1 1 1 


converges to 


where 


is defined as 


Reason: We 
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Consider 


. , (. i i l 1 l 

b n ~b n —[ — 1-+ -— 

n n 1 2 3 2/7-1 2 n) 


=>6« > Vl 

=>{*>*) is monotonically increasing sequence. 
-> (a 2rl ) is monotonically increasing sequenqe 
Now we show that {a 2n ) is bouded above.V 

a? ' n ~ ] ~2 + 3 + ‘"* 2n-l~2n T 


=1 _(1_1 + I + _i_ + j_ 

2 3 4 + 2/7-1 In 


IU 3 J + 1 4 5/ """ 


~l~X, X > 0 where 


, (i n 

X = —— +...+ 
U 2 3 


=> «2 n , S I 

^ { a 2«) is convergent V* 


11 1 1 
1- 1 - h... H- 

2 3 2«-3 2/7-2 


2->o 

2/7—1 2/7 


Similarly we can 


( c 2 w+t) is convergent. 


Now consider^,!-(-if' 1 -- 

*Hk S /.)= . n 


Taking n -»<x> ^ftave^ 4 = 0 Zj = / 2 . 

-V.. . m. : ’■ 

Since (a 2 „ + i), (azn) '^ orms complementary sequences of (a n ) and 
converges to same limit 

(a,,)is convergent. 

Let Y/7—+T+T + - +-lOg/2 

2 3 n 


Then lim y„ = y 
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3 . 5 . Advanced Analysis of A Sequence 
3.5.1. Limit Superior 

Let (a n ) be a sequence of real numbers which is bounded above. 
Define=sup{a 1 ,a 2 ,...a /!+1 ,...} 
b 2 = sup [a 2 , cij, 04 ,...} 


b„ =sup{c lf ,fl„ + i,a JI+ 2 ,...} 

Then (b lt ) is defined which is monotonically decreasing. 

Then limit superior of ia n ) is denoted by Iim a n Or lim sup«„ and is 
defined as inf {bj, b 2 , th,, b 4 ,...}. Vn X 

If {a„) is not bounded above. Then limit superiorfof (a, 7 .) is defined as 
lim a n = lim suptz w =+oo. 

/7->CO • “V V > 1 


Example: 


(a) Let [a,,)- ( 11 ) Since it is not bounded above 'tlnra,, = +ao. 

(b) Let (a n ) = {-«} V ‘ \ - 

\ " 

Clearly, (a„) is bounded above -W 
We have, ft - iup{-1 f -2.-3 > Jf 


b n -tup+ l), r § “ ”« 


Now inf {fy = -S ' 


iima„ = -oo 




W y ; • 

(d) Let {( 2 „) = (-l)" ^ # 

Clearly (a n ) is bounded sequence. 
We have, by =sup{-l,l,-l,...} = 1 
62 = sup { 1 ,- 1 ,...} = 1 


(y -\<a n <1 V n eN) 


= snp(M)",(-if +1 ,...} = ! 
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Clear (a„) is bounded sequence. 
We have, by = 1 


Limit Inferior 

' V 

Let (a n ) be a sequence of real numbers whicl 

Define q «inf »•••»*» \ ” 

\ ... 

c 2 =mf{a 2 ,a 3 ,..) K^S, 


lOtoded below. 


Examples: * ff ■ : ..' 

(i) Let , then {d„) is bounded below by 

q = inf 1 M # : 0 /', 

C2 =inf{2,3,4,...f^y j/ V ; 


andsup{q,C2,c 3 ,...} =+oo 


(ii) Let (a n ) = (-«) 

Since (a n ) is not bounded below 
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,\ Hma„ = -go. 


(iii)Let (a n ) 


n- 1 or prime 


Clearly (a„) is bounded below by 4. 
C] = inf {4,4,4,4.4,6,4,...} = 4 
Ci = inf {4,4,4,4,6,4,8,...} = 4 

c n = inf {a„.u„ + i 4 

=> sup{c 1 ,c 2 ,...} = 4 


/. lima /z -4. 


( iv ) («/>} = 


.when «is..e,yen 

X % v \ ^ 


, when n is odd \ \\ 


Then \ima n -1 and limo 7 = -1 


\ \ 

\ s 
Vw. 


v' “ X“"'~'v- 

Note that [-l,l]n/?(C/) = <j> (where R{U ) denote the range set of the 
sequence \a n )) x, -\ // 


1. If a and p are limit infkipiipii^femt superior of a sequence (a„) . 

respectively. Then |qt^jMna^snot have any member of the j§ 
sequence, (above example) h \ // j 

2 . If the sequence is boftp||qd. Th|ih • ■/;/• || 

a. The Suprerputa of the s^of l|mit points of the sequence is limit |§ 

superior. ‘ '^^:4 f ? 

b, ^^e,infimum~of the set of limit points of the sequence is limit 

if , •' ■ K 

Application: If (-ijjjjs; Thendimit superior and limit inferior of (a n ) || 
are land -1 respectively. Since set of limit points of (a n } is S = {3,-1} and p 
sup£ = l, inf5 = -l. // • !;y 

3^3. Convergent Sequence / \y f ■ If 

A sequence (a n ) is said to be convergent iff limit superior is equal to the f| 
limit inferior and they exist finitely i.e.lirrkz fl =Kma„ =/(/eR), then / is j 
called the limit of the sequence (a n ). jgj 

Example: Let {a n ) = (2012) Vn eN, then (a n ) is convergent sequence m 
■ v lima„ = lima„ = 2012. |§ 
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3.5.4. Divergent Sequence 

A sequence { a n ) is said to be divergent If lima,, =linw„ = <*> (infinite) Or 
lima ?? = hma„ = (infinite). 


Examples: 

1. Let {a n ) = (n) 

2. Let {a n ) = {-n) 




Note: 

1 Divergent sequence is unbounded from one side. ^ 

2 Unbounded sequence may not be divergent sequence. 

Example: Let <a„)-(-1)" ■» . ‘hen (a„) is . kbS 
unbounded above both but it is not convergent ijequeni? 




ddd below and 


v>. ; y . 


3.5.5. Oscillatory Sequence 

A sequence (a rt ) is said to be oscillatory i 

3.5.6. Finitely OsciUatory Sequence v 

‘ A sequence {a n ) is said to oscillate fjni’ 
finitely and lima,, * lima„ . 

Examples: 




\ma„ lima, 


SI»Sfe 


and lima ff exist 












n is even 


tid fflbe oscillate infinitely, if both lima„ and lima, 


A sequence (a n ) i 
exist infinitely and 

Examples: {%) = (“0”"V,- BRBHBBK 

Properties on Limit Superior and Limit Inferior 

1. Let (a„) be a bounded sequence and lei. Then \imstspa„ =/ iff for 

each e> 0 . IJiPflilS- 

(i) a„ > I-s for infinitely many values of k. - 

vv n WSHi 

(ii) a n <l + & for a11 except finitely many values of n. 

2M/II. fflu, Bwc, Ji* Smi. H^» KfcM. ^ MWIW34. >S1WM4W> 
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Tut your Own Motes 


2. Let (ibe a bounded sequence and l e JR. Then lim inf a n - / iff for 

n—>yj 

each e> 0 

(i) a n < / + s for infinitely many values of n . 

(ii) a n > l - e for all except finitely many values of n. 

3. Let be a bounded sequence and lim supu,, = M . Then 

n —>co 

(i) There is a subsequence of (a n ) that converges to M. 

(ii) The limit superior of no subsequence of (a n ) can exceed M . 


(iii)If a subsequence \ a n k J °f ( a n) convergesto '- number 


/then !<M . 


4. Let (a n ) be a bounded sequence and lim inf u n =Vr..Then 


(i) There is a subsequence of (a„ ) that cbpverges'to m 

\ \ <s ‘ l ' 

(ii) The limit inferior of no subsequence pf can be less than m . 

(iii) If a subsequence (a tlk ^ of ^ converges to a number / then 


l>m. 


5. Let {a n ) and (b n ) are two bounded seqifehbes. Then ; 

£.,#P% -v 1 

(i) If a n < b n V n eTJtS lim supi7„ < lim supb„ 

b-x» /?-*» _ \ % /:/ 


fr%te , i( .... fW6IJ(f , 

(ii) lim sup(W+&J< M supb„ 

./»-*» rvm - p|^oo 

Equality hold, when convergent. 

+ aJA- lim inf b n 

Equality hold when ia n ) is .convergent. • 

(iv) lim sup(n„b w )lljlim 4£p"a„-. lim sup£„ 

n —>oo . n-»co 

■-i, / . |i . .. 

Equality hold when both { a n ), (6„}are sequences of positive real 
numbers and (a n } is convergent. 

(v) lim inf (a n b n )> lim inf a n . lim inf b„ • 

«->co «-»co «~>co 

Equality hold when both (a rt ), (b„)are sequences of positive real 
numbers and (a n ) is convergent. 
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The Sequence of Natural Numbers 

A sequence (a„)is said to be sequence of natural number if its range set 
contains only natural numbers. 

Results Based on Sequence of Natural Numbers 

1. Every sequence of natural number has to be bounded below and has 
infimum in the range set. 

Reason: Obviously it is bounded below by 1. 

2. If sequence of natural number has limit point p . Then this phas to be 
natural number &a„= p for infinite many value of n i.e., there exist 

subsequence (a nf _ 'j which is a constant sequence such that = p i.e., 

a sequence la„) of N has a limit point it has.;, a constant 
subsequence. V*%; 


Reason: Since p is a limit po|nt,.-So„fqr g=^,. (>7 g) contains 
infinite member of ~ p for infinite ''ma%--values Of n=>3 a 

constant subsequence (a nk } = {p) which^om^^sjxf p. '/ 

Conversely: If the sequence {%) ^-N^^^mstant Subsequence say 

K)=W,' ,r r\/ 

Then p is a limit point of (a n ) . i/ V . : • * 

3. Sequence of natural number is cojp^§nt iff it i$ eventually constant. 

Reason: Let (a„) be a sequence of natural numbers such that 

lim a n =/. | % j/ • 

»-*» \ 1 /:/ '■ \ 


So, for G— — 3 mtei 

2 f- 


;ent iff it is eventually constant, 
of natural numbers such that 


=$ {a „}is eventuaj|f sequence'. 

Conversely: Suppose; that |a n ) is eventually constant sequence. Then 
there exist ib eR suchIhata^ = p V n>m [p eN) 

for any g> 0 
\a„^p\<€ V n>m 

=> {a„) is convergent and converges to p . 

4. If a sequence of natural numbers is not divergent then it has constant 
subsequence. 












































Xilllllf 




Sequences of Real Numbers 


Reason: Since sequence is not divergent then -either it is convergent or 

Oscillates. If sequence oscillates then it is either Oscillates finitely or T^Vovtr Own Mates 

Oscillates infinitely .In both the cases, the sequence has limit point and 
hence it has a constant subsequence. 

If sequence is convergent then there exist a constant subsequence. 

3.8. Cauchy Sequence 

A sequence { a n ) is said to be a Cauchy sequence if for any a>0, there 
exists a positive integer m such that \a n - a m \ < e, whenever n > m. 

Example: The sequence {a„) - ^L-^-,^,....—....^ is a Cauchy sequence. 

Reason: Let e>0 be given and if n > m , consider^ \a„ -a m \ = 

1 1 m — n 1 ... 1 

-~-< — < £ , provided m > -. - • 1 . 

n m nm n g \ XT' 

x ' . ■■■. . .. 

Let m be a positive integer greater than! /.e . Then|»„ - b m j < e V n > m 
Hence ( — ) is a Cauchv sequence. \ \N 

w .. 

. . / v \ 


Example: The sequence (a n ) = \~~^j is a, N Ca,irqhy sequence. 
Reason: Let e > 0 be given and if n> m^CpnsMer- 


n 

m 

n +1 

t w + 1 


=>]<*«-“* <“ <e > 
m 


n-m 
. 1 


Let m be a positive integer, greater than 1 / e . // 

■■ , j! // • 

Then \a n -a m \< £%for /|>m. • 

Hence is a Cauchyaequeiace. ,7 • 


Exmiplerfiie'^^\xence {(?„,) ~ (nr |is not a Cauchy sequence. 

Reason: Let n>m, consi£ler|a„ -a m \ = n 2 -m 2 - (n-m)(n + m)>2m> 1, 
whatever m may be. iff // 


For e=~, we see that thereis'no positive integer m such that n 2 -m 2 <e 


for all n>m. 

Algebra of Cauchy Sequences 

Let (a n ),(b n ) are two Cauchy sequence. Then 

T?;:: ) + (b n ) = (>a n + b n ) is a Cauchy sequence. 

2. ( a n )-(£„) = { a n - b„ ) is a Cauchy sequence. 
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a n .b n } is a Cauchy sequence. 


4. If each a n ^ 0 V n e N and lim a n ^ Othen 

«—»co 


is Cauchy sequence. 


Remark: If lim a n =0and each a n ^ 0 where (a n ) 


is a Cauchy sequence. 


may not be Cauchy sequence. 


Example: Let (a n ) 


is a Cauchy sequence but 




is not a Cauchy sequence. 

Cauchy’s Criterion for Convergence 

Statement: A sequence { a n ) of real numbers 
Cauchy sequence. 

V '*.Vj/v 

Cauchy’s General Principle of ConVergence(GGr^ 

A necessary and sufficient condition for a sequence (a) 
that to each e>0 , there corresponds q.''positive ' 

k i+p~ a >\«z V«>w s /7>0. 




^ to be convergent is 
integer m such that 




Note: This principle is used where the.Jimit-^ot.sequence is not known no 
guess can be made of the same. This pkmapowhich involves only the terras 
of the sequence is useful for detenriming^hether a sequence convergent or 


Example: 

1. The sequence (a n ) , where a n = i 1 
Reason: Suppose that the given.sC 

j 

By Cauchy’s General Principal of 






is not convergent. 


luence is convergent. 


ivergence, for s 


positiw : ;iht;eger' m sucMhat a n < 




In particular for "n 


m + \<m+m=$ 


28A/11, (First Floor) Jia Sarai, Rani Kbas, Near I.I.T- New Delhi-110016. Ph.: (011>-26S37527, Cell: 9999183434 & 9899161734,8588844789 


E-mail: lnftK53dipsacademv.com; Website: wvrw.dipsacademv.com 




































Tut your Own Notes 




(HQ 


Sequences of Real Numbers 


• • \ a 2m a m\ > ^- 
This contradicts (1). 

Hence the given sequence is not convergent. 

2 The sequence la„) , where a n =! + — + — + ... + “ is a convergent 

1! 2! n\ 

sequence. 

Reason: By Cauchy’s criterion of convergence, a real sequence 
converges iff it is a Cauchy sequence. We shall show that the given 
sequence (a n ) is a Cauchy sequence, so that (a n ) ^convergent. 


For n>m, we have 


i i i 1 ii i c .y K, 

\a„ — dm — h- 1 -...-i-- 7 "+ 7 - 7 -+..'•>+,,—r i 

‘ \ 11 /«! (m + l)! (m + 2)!sc- M 


O Y, i i 

\\l I!' ml 


_ 1 _ 1 

(m + l)! (in + 2 )! n\ 

11 1 
2 «f 2 m+ * 2” _1 


1 , 1 1 
- 1+ — + — r- + ... + ■ 


v fc .^ V 

\ 


2 * 2 2 2 ?("+ 


J-S-L 

2 «-l 2 m_1 


■ r- 4/ . _ofll-l . 1 


For any e > ~ a m j c s, if ,/Af < 5 or 1 > — 

Ilf . e 

HP y / . 

or (m -l)log2 Sfipg(l/| b) orm > jlog(l / e)(log2)“ 1 + ij = N, (say) 

f\ \, 1 ; 

|a„ - | < e V « > w, where m is a positive integer >: iV. 

Hence (a n ) is a Cauchy sequence and so (a n ) is convergent. 

3. Let (a n ) be a sequence of real numbers and for each neN, define 

s n =« 1 +C 2 +••• + ««» t n = | < 2 l| + | a 2 | + — + | a n| 0 ) 

If ( t n ) is a Cauchy sequence, then so is { s n ). 
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Reason: Since is a Cauchy sequence, for any e>0, there exists a 
positive integer m such that \t n - t m | < s V n > m 


Hence (s n ) is a Cauchy sequence. 

Some Important Theorems 

1. Cauchy’s First Theorem \(»n limits: 


In General: Let lim a n ~l. Then li 

rc~»30 n- 


Example: l im — 

; ! ••• n 


Reason: Let a k 




s first theorem on limits 


Since lim a n = 0 


Notet-Cmx&SG of the-£bbve theorem need not be true. 


Example, 


—1, !/»••/ is not convergent 

l,4i + «2 + a l + a 4 = 0 5 etc. 


2. Cauchy’s Second Theorem on Limits: If (a„ ) converges to /(* 0) and 

/ < Vn 

a n > 0 thenlim(q 1 O 2 -”« n ) -i 
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Example: Let lim 1 + — =e .Then 
n-±co{ n) 


, im TiTfif .f£±iy ... 

n~>o3 112/12/ n 


Reason: Let == 1 + — , then a n >0 V n e N and lima,, =e>0. 

V n) n—>x 

By Cauchy’s second theorem on limits, we have 

lim {a\a 2 uy~ci n f ln = e. 

/?—>co c. 


= e , usin' 


Hence lire /if fiY ...fcliY 
n->co 1 v 2 y V 3 / n ) 


3. If all the terms of a sequenee^te4 „ are positive and if lim 

^ x 1 r V •• « ->oo a n 

; '“""-n,. XN^. VV . 

♦ f \ 1 In \ X ' 1 

exist.Then lim [a n ) also exist and the-.,two limits are equal, i.e., 

/7->00 \ „ 

lim (a n ) 1//r - lim , provided the later iimjfexist. 

M ->°° a n ^ 


4. Cesaro’s Theorem: Let lim a n -^and lim b n = 6 where a,beM. 
.then lim 

J" / n 

5. Sandwich Theorem: Let are sequence of real number 

such that a n <b n < c n // ■ 


and lim t 

v n-»oo 


im a n =l= lim c„ then lim % =/. /; 

-t 00 "- 400 1 ,/y 


5-*,t_j i;_ 


i:_, a /J+l 


7. If (a n ).(b n ) be two sequence ./such that a n <b n Vnt N then 

8 . If (a„ ) be a sequence o;f positive real numbers such that lim -1 , 

' . §|f /■* n-*x> a n 

where / < 1 then Hid = 0 . // 

nHSw' // • 

Application: 1% // 


(i) Let/a„) = /2 n .n 2 \, then lim 2 ^ ”\« 2 =0 

« 2 (ra + l ) 2 

Reason: We have a„ a „ +1 =—j- 

a„+i (b + 1 f 2" lfn + 1 

. . lim - 2 — = lim -- - lim-- 

«~>oo a„ n -*co 2 w+i n «“>«) 2 y n 
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Reason: Let 




«->00 




0, jibeing a fixed real number. 


Reason: 


Where 




9. If'(« B )bea sequence of positive real numbers such that lim ^S+L=/>; 


then {of^j is not a bounded sequence and hence not convergent 
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lim —f 1+—] =i<l 

n->c o2l n) 2 


lim a = lim 2^ n \n 2 =0 




Hence lim a n = 0. 

n—>co 















































Sequences of Real Numbers 


10. Let lim a n =a, lim b n =b , and(S„) &(r„}are two sequences, where 

«—>co n—>* 

S„ =max{fl n A} &nT n =min{a„,6„} • Then the sequences (S„) and 
(t ) are convergent and lim S„ = max {#,&}, lim T n = min{a, 6}. 

' ' /j-»co /?->» 

Reason: For any two real numbers x and y, we know 
max{x,>j=i(a: + y) + -j|x- y\ ( ] ) 

min {x, y} = ~(x + v) ~\x~ y\ (2) 

Taking " x = a n , v = b„ in (1), ^obtain 

S,i - max { a n ,b n } = ~{ a n + b „) + ~\ a n ~ 

1 A 'x'"; ..x 

..." 

Urn S n = i lim (a„ + b„ ) lim ■ 

n— x© z n— >k> Z»—>oo v y 

= -f lim a n + lim b n \ + ^~ lim |c„|, c„ ^ a„ ~.b n * ; - 
2 V/t->oo n—>co J 1 7?—>oo \ 

= + b) + — lim \c n | \ ’NT**" - ^ 

2 V ; 2 m—> a> 


Tut your Own Notes 


We have lim c„ = lim (a n -b n )lim b n -a~b 

«~>co «->GO ^ «->°°// ’ 

lim c„ = a-b => lim |c£j = ff 

M~>00 »“**> 

From(3), lim S„ b)+hi- n\=-mm{a.b \. 

. «->oo 2 ... i 2 | ,-y- 

Similarly, lim 4 =gg|l£ J, 


omuidiiy, ,*>' 

11. Consider a. sequence{«„) . Where ; »„ = 47 i[-^+\ -V«) • Then (a„) 










12. Let (a w ) be a sequenc#such that a„ •-> a . Then a% 
However, the convlmf may not be true. 

For example, let (a n | -^^1)”} * ^ ien 




(a^j - (1,1,1,...), which converges to 1. 
but ( a n ) does not converge to 1. 

13. Let ( a„) be a sequence such that a 2 -> a 2 , then |a„ | -» | a | as n -»co . 






28A/11, (First Floor) Jia Sara!, Hauz Khas, Near LIX, New Delhi-110016, Ph.: <011>-26537527, Cell: 9999183434 & 9899161734.8588844789 
E-mail: info(%dipsacad emv.com; Website: w ww.dip5acadcmy.com 






































Series of RealNumbers 


An ISO 9001 : 2008 Certified Institute 


CHAPTER 4 


SERIES OF REAL NUMBERS 


4.1. Definition 

We know about arithmetic and geometric series etc. A series of n terms is 

n 

denoted by the expression + u 2 + or . if the series has no last 

i=i 

term, then such series is called an infinite series. v X s x 

4.1.1 Infinite Series: X^ 

Let (a n ) be a sequence of real numbers, then Va + ...i.eY 

"- 1 \ 

infinite sum of the members of the sequence, is-defined...as series of real 

numbers. It is also denoted by 'X \ > ' 

V ' "\’X^ 

Example: \ S\ .{/ 


(a) X-,here<«„Wl) v*e 


o>> z®4 41 > here m -* ( sin 41 Ly * 




4.1.2 Sequence of Partial Sums A 

” "*■ Suppose ^a n is an infinite series then we define a sequence (S n ) as 
follows: XX'X // 


5j -flj 

S 2 ~ a \+ a 2 








: : .r*^ f # 

5„ =«1 +« 2 +,„+<*„, andjSo%. /***> 


The sequence (X) is called the sfquen^of partial sums of the series 2X 

_ \ ' M Silll *■$ ' : . 


intwies 

jUiga, 


A series iSsaid to be convergent, if the sequence (S n ) of partial sums 
of is convergent and if lim.^ =£, then S is called the sum of the 


®5f n-**p 




' ■' - r-‘ - IJ i' ^ 

? '".'A; ' •';] 

XX .-, x , 


: , i S"‘r' , u t ‘ i I 

HHi 


■{jgg . - 0 Q 

series JV and then we #rite it as 5 « M . 

/ . n=l 

4.1.4 Divergent Series 

The series is said to be divergent, if the sequence (S„) pf partial sums 
of 2X is divergent. 

4.1.5 Oscillatory Series 

The series ^a n is said to oscillatory, if the sequence (S„) of partial sums of 
oscillates. 
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■'W 


4.2. Necessary condition for convergence of a series 

If the series Y]a n converge, then lim a n - 0 . 

' ' 1 H —>00 

Remark: 

(a) Converse of the theorem need not be true. 


Example: Let Ya,, = Y—, then lim —= 0 but Y— is not convergent. 
n «-*» n n 

(b) If lim a„ * 0 then cannot converge. 

K->=C 

Examples: 

(a) The series 1+ r+r 2 + ...(/■ >0) converges if r<l and diverges if r >1. 

(Geometric Series) \_ 

(b) The series oscillates. XT+xY 


Solution: We see that 


s x =i s 2 = 1 - 1 = 0 , 5 3 = i - i +\= 17 "^, \ 

S 4 = 1-1 + 1-1 = 0. S 5 = 1 and so on. 

/. (S „) = (l, 0,1,0,1,0,...) , which oscillates:"--,,, 7 

\ 

Hence the given series oscillates. >„ —. 

\ V’''" 

(c) Test for convergence of the series : \ ■ 


(i) K-l)V 


OCSs." 

'X 

V*Su XYk,. 


(ii) Esin 


Solution: 


-S'.**? J /'■'/ 

(i) We see that J(-if « «}+2r3+4-5+6... 

«=i "mm?/ 


Sj = -l, S 2 =”1+2 = ”1^2-3 = ”2, 

1-3, S-/- 3 etc. 

jPF® 1,-2,2,-3,3,...)/Which is not bounded. 

Hence (S n ) is not Convergent and so E(”0" M is not convergent. 


r .v f.. nn fM 

(u) S sm T = T + B 7 ^~ + 0 + T + T +0 - 

The sequence (S„) of partial sums of the above series is 

. jjjjj 

Clearly, lim sup S n ~S and lim inf S n = 0. 7 

it follows that {S l} ) is not convergent. Hence the given series is not 
convergent. 77-'■ t ' ■ 
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Hence limwa- =0. 
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4.3. Telescopic Series 

Let (a„) be a sequence of real numbers. 

. Define b n = a„ - a„^ and c„ =a„ f] - a„ 

Then and are called telescopic series. 

If ( S n } denote the sequence of partial sum of the series 

Then S„ = f^b r 

r=l ‘ 

= b l +b 2 +.~+b n 

= a l ~<*2 + ■ a 2 “' ay +~•+ a„ - a n+l 

= ai- a„.i •< 'X 


Similarly if (t„) denote the sequence of partial sum of the series" 

Then t„ = a n+] -a„. \^ 

,i_V 

Thus (S n ) and ( 4 ) are convergent iff (a n ) is convergent. - 
Thus 'Ypn ancJ ^ c n are convergenfiff (a n ^is-co^ergent. 


Example: The series—is coqvergept 
1.2 2.3 3.4 i 

Solution: We have, \ "’X 

c 111 1 


1.2 2.3 3.4 


«(w + l) 


l 2 ) {2 3 ; b 4 J l 


(, 1 \ 

lim S„ - hm 1-=1 — 0 = ILL w /.-/ ■ 

n-»» n->a>\ fl + lj \ % L/ 

“ Hence the given series is convergent. J // 

’• • v ■j, '™**** jgr f " • •• 

4.4. Cauchy’s General Principal of Convergence 

A necessary and sufficient condition fopa series ]Ta n to converge is that 
for each e >0. , /there . exists a positive integer m , such that 
f. ' Kiwi tf^+2jSjPSI^Tfor all nZm X 

. Pringsfin^^P^em: jf|| seriesof positive monotonic decreasing 
terms converges then not only u n ->/0 but also rtu n -»0 as n -> 00 . 

Reason: We know tM-for a convergent series, for any s>0, a positive 
integer N exists such tha|j|^ + , H m+P | < -|, Vm>N,p> 1 

Let us choose m + p- n> 2N and tn = ~ , the greatest integer not greater 


than | u m+i +u m+2 <| 


positive monotonic decreasing 


£ 1 1 

(n-m)u n <u m+1 +u m+2 + <- or -nu n <~e i.e. ««„ <e, Vn>N. 
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Note: The condition mt n —> 0 is only a necessary one not sufficient condition 
for the convergence of the present type of series. If tiu n does not tend to 
zero then the series ^u n is certainly divergent, for example, the harmonic 

series Y — must diverge because it has positive monotonic decreasing 

n 

terms and n.— docs not tend to zero. However, nu„ ->0 does not imply 
n 

anything as to the possible convergence of for example. Abel's series 

V-—-— diverges although it has positive monotonic decreasing terms and 
“'rtlog/i 

nu„ —> 0. 

/} \ 2 3 

Example: The series Y-= - + — + is not convergent. \ ^ 


Solution: We have u„ = 


n+l l+i 


lim u n = lim —5— - —= 1*0 

/I-40C n—><» 2 + _ 1 + 0 


.JcTT 

CTr 


Hence the given series is not convergent. x - s ^ v - 

[l IT I ri\ *S? Nw -* 

Example: The series J— + J—+...+ —\ +... is not convergent. 

n n vferw, . 

Solution: We have \ // 


Solution: We have 

i it 


* p(h + 1 ) ^ u+ i‘ 


lim u n - * 0. y 

*->»• v2 feA |i 

Hence, the given series does riot^onyerge. 
Example: Test for convergence of the series ]T cos 


Solutitii^^^^^0ma cbS;f£=?.l *0 - ; 

:: p j?->w // 

Hence the given se^|,do^pot converge. 
Example: The series dobs not converge. 


fiY” v' i (i 

Solution: Let u„~ — , so that log w„ =—log — 

W n v» 


= log«„ = 


log 1-log « -Iog« 


lim logw„- = - lim , which is — form 


1 In 

= - lim- 

n-Ho 1 


(by LHospital's Rule) 
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Hence 2^u„ is not convergent. 

Series of Positive Real Numbers 

Series with positive terms are the simplest and the most important type of 
series one comes across. The simplicity arises mainly from the fact that the 
sequence of its partial sums is monotonically increasing. '' \ 

Let '^ju n be an infinite series of positive terms and [S n j^be^the^sequence of 
its partial sums so that 

V V\. ; f ■ 

S n = U] +U 2 + ... + u„ > 0, V n Xl 


Thus the sequence of partial sums 'of positive terms is a 

monotonically increasing sequence, 

Since a monotonic increasing sequence cammthericonverge, or diverge to oo, 
but cannot oscillate, therefore, there -possibilities for a positive 

term series, it may either converge or aiverg^p^f-co . ^ 

Remark:,,• . l - r / ’ 

1 f A' f ’• 

(a) A positive term series converges iff the sequence of its partial sum is 

bounded above. J 7 

(b) The sequence of partialfsum ofci series with negative terms can be 
shown to be monotonic decreasing and hence a series with negative 
terms converges iff thelll llp ace of its partial sum is bounded below. 

(c) It may similarly be seen.that a series of negative terms can either 
converge or diverge to 

(d) A are not- necessarily positive may fail to be 

convergent eVen£f the^puencq^^) is bounded above. 


**&*Ka> 


For example ^^isidery u n ={fi)r so that we have 
_ X-1 ifn isoftf. -if „ _ 

n |0 ifn is evehj,^ v v 

The sequence (S„) , even though bounded above, is obviously not 
convergent and as such the series is not convergent. The sequence (S„) 
has two limit points viz.-l and 0. 

It should be seen that, in general, boundedness of the sequence of partial 
sums of a series is only a necessary but not a sufficient condition for the 
convergence of the series , and it is only for positive term series 
that this condition of boundedness of the sequence of its partial sums is 
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as well a-sufficient condition for the convergence of the corresponding 


senes. 


Test for Convergence of Positive Terms Series 

1 . First Comparision Test: If ^u n and are positive terms series, 
k> 0 and 3meN such that u ° ~^’ n V n - m 

(a) ]Tv-j converges => ^u n converges. 

(b) diverges => ^v„ diverges. 

Example: Test for convergence the series l-f4r+4r+-4* + - + ~ - +— 

2 2 3 J 4"* »” 


Solution: Clearly, n" > 2” for/? > 2. 


■7 < 7 fa>2 Xx"' 

\X' V S N ^ ,/ 

Since ^J- = i.+_L+J^-+... is a geometric^§gn^^it£i common ratio 
2 " 2 2 2 2 - \ ^ 


" < 1 * so Z)l / 2 ” convergent. 
2 


\ \\ 
\. .. 


Hence by First Comparison TestJ— is'convergent. 

\ x, "“ 

-> X v x.i 

Example: The series 5]e -fl converges^ O' '' 


Solution: We know e*>x for x ^. Then\ 

Since vi converges, .•spift FirsffComparison Test, Te"** also li^SlfcilSSIiSiifSS 


converges. 


v> '7V':' . • 

CO 1 V - •' < >• v.' .. 

(a) 1^. 

/ ■ ■’- 

Solution: Jjf // 

(a) We know logllkra for alT« > 2. 

mm , /• 

Nw t¥ 

—i— > — V wife or — < -2— V n> 2. 
log 12 .. w v \.f/« log* 

1 03 1 
Since diverges, so by First Comparison Test, 


^k>gw 


diverges, 
(b) We know 


Since converges, so by First Comparison Test, 
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n=2« log* 

Example: Test for convergence the series 


Solution. 


(a) We know that*! > 2 


common- 


< I is convergent. Hence; 


convergent. 




The series on the Right Hand Side bei 
common ratio 


“a geometric series with 

j/ 

2 is CODver gent. 


< 1 is conv< 


Example: Test for conver 
values of *. 

Solution: Clearly 3" + * >$" 


for all positive 


~ d geomernc senes with common ratio ~<l is 

WtMK if FlISl Com P ar lson Test, the given series is 

■■■ 

2. Second Comparison Test: If ■ £«„ and £v„ are two positive term 

■ JL - V n>m then 

’n+l / 


conyj 




3. p Series Test: The series 
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Remark: If / = Oor/ = then the conclusion of the above test may not 
hold good. 

Example: 


(a) Let 2>**£-T and Z v » =~L~- 


Then lim — = lim ~ = lim — = 0 

Jl~»00 V n 77—>CC ft 11—11 


Thus l = Oand in this case converges and diverges. 

(b) Let = Z~ and S v « = Z ' 4 • 


U Yl 

Then lim — = lim — = lim n — oo. 

n—wo V’ n n ~*so 


Thus / = oo and in this case Y\u n diverges and' 5!^ converges. 

5. IfZa„ 2 &Zi„ 2 are convergent senesctf positive real numbers. Then 

2 -v/oA is convergent. \ % . 

Proof: As (a„ -6„) 2 >0 => a;, + b 2 n - 2a n b h - > 0 - 

f _ \ \' v -' 

^Z^+Z^ZWftA ' 

By comparison test, £V fl A/is convergent:' Hence proved. 

6 . If 2X is convergent. Then-£— is convergent. 

,4> ' - •- • 


ftw/>As M 20 4, i ,, 

n rt ^ 


Since SSa ar pJ both convergent =>2 °b + St is 


convergent. 


|4 ! . 2 a 

Then by comparison Jell X—- is convergent 

4- : n : ' :■ 

=> Y“ is convergent. Hence proved. 
n 

Example: Test each of the following series for convergence: 

, v 1 3 5 

7 1.2.3 2.3.4 3.4.5 

1 1 1 
(b) 

VL2 -J23 V3A 
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The n th term of this series is u t 


For large values of n, u. 


Now lim — = 2^0 and finite. , \ 

v » ' 

So, by limit form comparison test 
diverge together. '"H V V 


v; converge or 


The n th term is u, 


WH 




•wHsiS!*? 


Now lim — = 1*0 
v n 

So. 2>„ and £ij 
comparison test 

Since Yv n =y-diverges, so 




•ges. or diverge together by 


iiHISilfei 




Example?' Test? t 

■Jl+yfs -J4&S 




Solution: We hav< 




ilpsft: 

vrfujM- 


slip 

ivsMSS';-' 


or diverge together by limit form 


So 5X and converge 
comparison test, 
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Example: Test for convergence the series = 2^—— 


Solution: We have, u n = 


(2k + 2)(2ii + 4) 2n.2n 


Let v„ =■ 


-Jn _ 1 
n.n n y 


, u n 2n-\{ n Y n 

Then lim — = lim - --- --- 

rt—W V\, n— >co V ft 2ft + 2 /\ 2/7 -h 4 


= lim./ 2 “— 7 — 77 —— 

"^»v «r 2 + iv 2+ i 


ft 1 

= — = —= ^ 0 and finite 

2.2 2 V 2 


VVV 

.... 


So and converge v or - diy^rge . together.(By limit fonn 

comparison test) , —•- s .. 

, \ 'X\ 

Since £ v„ = ]T converges, so the given'series‘converges. 

n \ "’""‘’v. \." 

X -\. ~ 

r j 1 

Example: Test for converges the series ^— ttt +777 + • • • 

\3.7 '4.9 D.li 0.13 

Solution: We have u„ -- y —= -K A 


v M « + 2 2 / 2+5 f+(2/?t) 2 + (5/«) 7 

ti 1 ^ MM%- i if 

lira -*- = -■*■ Oand finite. ■ 

«-*» v„ 2 % |& 8 4 . JJ 

So, by limit form comparison test ]«„ and £v„ converge or diverge 


r?, ■ _ 

Sinee ';'! n ^/converges, So the given series 2J*n also 
converges. 'QB 1 |J fif 

Example: Test'for convergence the series whose n th term is 
y}n + l-Jn-AjM // ■ 


Solution: We have u„ =■ 
(Rationalize) 




n^-Jn + l +V«-l) 


R^Vn + l+Vn-l) «V« 

Let v w = = -ir-, so that Yv„ converges. 
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gut y°m:pS$&ttes 


lim —•■•= ==— — =1^0 and finite 

a/ 1+ (l/«)+ A /l-(!/«) 

So an ^ 2 V » converge or diverge together by limit form 

comparison test. 

Since '^ J v n converges, so the given series '^ u n also converges. 


Example: The series Y 


diverge: 


Solution: Take v„ = -j=, then lim ^ = - * 0 and fir 

w—>00 V n 2 

vN 

By limit form comparison test, the given seriesdjvert 


Example: Test for convergence tlie series Ji/ 


Solution: u„=Jn 3 + l 


n +1 + •y n' 



















































Tutymir OwntNbtes 








Now, lim — - hm Mr— -77= Inn 


n—t<x> v„ «~>oo\ 


/■;W.)”r" > Yn+2T 1 


= lim jl+( —1 lim- - — -1 . 

n -*00 V l Ky «-♦«[■ 

i+ y 


So JX and converge or diverge together. 

Since £v„ = ]T-^— converges, so the given series converges 
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Now. lim — = ~ 0 and finite. 

H-J-W v n 3 

So, by limit form comparison test and converge or diverge 
together. 

Since '^jv H converges, so converges. 

Example: Test for convergence the series ^ u n ~. pel 


Solution: Let and v„ = — = —. 

w , 7 ^ 77 ^ 

lim — = lim = lim f 1 +— 1 = 1* 0 and finite. 


n— 7 =o V„ 7 ?—»:o 77 /j—>-caV 77 


So, by limit form comparison test and ]>V„ converge or diverge 
together by limit form comparison test. . % x" s V 

Now, v„ = £ —!— converges, if p - 1 > 1 i.e:;-.p> 2'" and diverges if 


p -1 < 1 i.e., p <2 . 


\ \ s 

*#•*1 \ \ 
V v_ -V x 


„ , 1 \ V 

Hence converges if p > 2 and diverges ifi^< 2 . 

\ . tn >& !n ^ 1 

Example: Test the convergence of the series • 


Solution: We have u„ = 


i + 0 '«) ’ 


Then lim —= lim-^ = 1. 4 #% 

»^n Vn ; a, 

Thus the two series Yu n and converge of diverge together by limit 
form comparison test. // 

Since £v„ = / n diverges, so the: given Series ^u n diverges. 

//1—■ 1- 1- 

^ ^ '|v ..//■s/2 -1 ^3-1 V4-1 

Example: Test for convergence the senes—-+-?—+—r-+... 

^ |.^#,.....,7 3 3 -l 4 3 -1 5 3 -1 


let v IH 

B ~ „3 #2 |f 


4^-1 5 J -1 

>/k+I-1 

(« + 2) 3 - 1 ' 
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7. If Y 'a n is a convergent series of positive terms then Y a ” is 

. 1 + «K 

convergent. 

Reason: Since Tis convergent so lim a n = 0 . 

17— 

Let b n - - a - V n . Then lim — = lim (3 + a„ ) = 1 + 0 = 1 
1 + a n «->» b n n-*x> 

Hence, and ^p„ converge or diverge together by limit form 
comparison test. Since is convergent, so ^b„- ^is 

convergent. ^ 

Remark: If is convergent => ^ Un -, .. is v convergent 

XT-'-.,, 

(a„ ^ 0 and a n * 1 V n g N) v-lL 

Take b„ = then lim %= Jimil- a„ )lil™t f° rm 

1 —Q n «-*» b n %/*-**> \ \ \ ?■/ 

comparison test, Ya„ & Yb n converges, ^'diverges together. Since 

V ' t „ 1 . . V 'X // 

2^^ is convergent, so is conYCT^nt'^. // 

8. D’ Alembert’s Ratio Test: Let ^dLije I'-positive tenh series such 


that lim —~ = l .Then 

«~*oa„ + i 


<i). > 2X • converges if l > 1 Ns**--' if • ;>l :! / ’ / 

(ii) Jj*n diverges if /<1 ff * *" 

(iii) Test fails if / = 1 //. 

\ r '%|. y[J , i j 

Example: Test for convergence the series—-+—-+—-+... 


Solution: We have u.j^T ^W T- 

mp. 


and lim «gf- « 2 limM+r- = 2 > 1. 

j-,. «-»*> w-w &y" ' nj 

By Ratio Test, the given series converges; 

%| //. : f \\ 2 (\2\ 2 (1 2 3'h 2 

Example: Test for convergence the seriesl -J +1 — +1 ^ 1 +... 


Solution: We have / 4^ 


1.2.3...«(«+!) 


* n I 3.5,7...(2«+l)J >Un+1 I 3,5.7...(2n +l)(2« +3) 


r 7 , q-j 2 .-4+-T- 

and lim —4- - lim ——— = lim —p- - 4 > 1 . 
n-»» K,j + | n-Vsp|_ « + l n^» , 


By Ratio Test, the given series converges. 
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Example: Test for convergence the series ]T 


1.2.3 ...n 


Solution: We have u n 


. v uiu OV/UVO / , 

£j7.10...(3i» + 4) 

1.2.3...W 1.2.3 ... n[n + \) 

7.10...(3« + 4) > Un ' 1 ~ 7.10...(3rt + 4){3(« + l) + 4} ' 


^ ~ .5 + — 

and lim -X- = lim —— = lim —~ = 3 > 1 

/»-)■» K rt+1 n-+x> 17 + 1 


By Ratio Test, the given series converges. 


_ . , . 1 2 .2 2 2 2 .3 2 3 2 .4‘ 

Example: Test for convergence the senes ------i- + - — 


Solution: We have u„ =— - —, u n+] = 

n ! 

and to Jk-= K m MfxL. 

m—> oo u n+] n-*x> n ! \n + 2'y 


n 2 (n + l) z (n +1) 2 [n + 

= »! ’ W " +1 ' ' 


X x % 
'^\j '■ 

\ \\ 


= lim (« + l). lim 

n-> cc n —>co 


Hence the series converges. 


\ v 


Example: Test for convergence the^eries^fcX, witere r is any positive 

number.", / //•.• -••• V 

r n r ”+| // 

Solution: We have ./ 

si '% •'/ . 


KT l(«+l)! 

Now -= — 


and lim —— = -~ lim (n W. 

By^^^^p^^e-^iy^^eries converges. 


[’■’ r > oj 


Example: conllllgenceflie series whose n thterm is ~—,r> 0 


Solution: We have 


Now lim — .e.co = oo 
n -* mu n+i r 

By Ratio Test, the given series converges. 
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.' ' .'"‘'-jV/:-' : 












ippi 


ive temi series such that 


•■ ■■.' '*‘ • • ' 

;v-■■■'. ■ • .'. ' '; ; 


ippjp^ 
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Example: Test for convergence the series ^ —-. 

/;=1 n " 

n ( («’ + !)! 

Solution: We have u„ ==— . u„ .< = — -— . 

if («+i) n+1 


Now ji_ = »> fcill 


«*+ 1 (« + 1 ) ! «" 

7~rf ~"T ("+0=f 3 +-T • 

(n + l)v n J V l . n) 


u ( I y 

lim—— - lim 1 + — -e-2.718>l. 


h—> t» « . a—>oo V 


By Ratio Test, the given series converges. 


Example: Test for convergence the series x-t—+'* i ^d 


for all positive 


values of x . 


AT 2 ”"! X 2n+l 


Solution: u n = 7 -—, w„ +] = 7 -—. 

” (2n-l)! " +1 (2n+l)!.^ 


Now -5 l. = ±M 
w «fi x 2 (2»—l)j 

1 (2«+l).2».(2n-l)! 
x* 2 ,j(2n~l)! 

u„ .. 2n(2n + l) 

Inn ——= lim ——- = oo; 


k-w u n+x «->*> x * 


Hence, by Ratio Test, 2_u n convenes. 


9. Rabbe’s Test||JLet \h n "BI 

/- \ JrofelKj 

lim n\— — 1 1 = / .Then ' 


: (i) (B4 coftverges^^ 1 
(ii) ^a„ divei^jif /|jl 
. (iii) Test fails if /% | 


Example:Test for coif 


. “ 1.3.5..v(2»-l) 1 

senes >- : —-— 

; " 2.4.6...2h « 


Solution: We have «_ _ j ; 3 - 5 - ( 2 ” *) i. 

2.4.6... 2* » 


«n+l = 


1.3.5... (2n-i)(2n + \) l 

2.4.6... 2n (2«+2) n+1 


w «+i ' (2«+1)« V, n/(l+1/ 2 «) 
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n—H© u, 




.iKKVfe 


MKP 

iiii 






,■* 


Solution: We have «' = 


■MM 


Biill 


: iiiii 


st^ s>kp_ 


ii§ 
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Now lim —~ = 1 means that the Ratio test fails. 


So, we apply Rabbe’s Test. We have 

,2 

(_Un _j N =;2 (k + 1)(2k + 2) t ... 3/1 + 2 _ j j; 

l«« + i J L *( 2n + 1 ) J 2 ” + 1 2 + -' 


and lim n ™— 1 = — > 1 . 

h-> » w„ ,i 2 


Hence, by Raabe’s test, the given series converges. 

, _ , , * 1.3.5...(2«-1) 4/7 + 1 

Example: Test for convergence the senes > - - ——-——-, 

1 & ^ 2.4.S...2 n '••2k+ 3 


Solution: We have u„ = 


1.3...(2/7-l)(4/? + l) 

2.4...2k (2k + 3) ,W " +1 V2v^..'(2n + 2) .(2 k + 5) 


u„ 2n + 2 2/7 + 5 2k + 3 i 

u n+l 2/7 + 1 4/7 + 5 4k+ 1 X ^ \ \ S 


u„ 2.2.2 1 , 
lim —a- = —— = -<l. 
rt-Wt/ n+ j 2.4.4 4 


\ \V" 

V 


V -. s \ 

By Raabe’s test, 2 _u n diverges. \ V»~ 

i -utww X 

10. Cauchy’s nth Root Test: Let J^a n be a positive term series such that 
lim (a„ f" = l . Then 


(i) ^converges if /<1 4^ Xv ^-- 

(ii) £>„ diverges if / > 1 


(ii) 2^a n diverges if />1 £ 

(iii) Test fails if / = 1 / f 


Example: Test for convergence the series whose n rh term is 

2 fe^A. ! a • .. • .'. • 

n” ••'•-A'- j 


(»+')■ 


Wh)l- / 

and lim iu„) Vn = - v. — „l<l.( e .2.718). 


Hence, by Cauchy’s root test, the given series is convergent. 
Example: The series £(« 1/n -l)” converges. 

«=i 

Solution: Let u n = (V /i! ~lj, so that ( u„ ) Vn - n Vn - 1 . 

Now lim (u„) l n - lim n l,n -1 = 1-1 = 0<1. 

Hence, by Cauchy’s root test, the given series converges. 























Series of Real Numbers 


Example: Test for the convergence, the series whose 


Solution: We have 


Hence, by Cauchy’s root test, the given serie 
Example: Test the convergence of the series 






Solution: The r th term of the given series ,fs ■ 

J • .****).y 




Hence, by Cauchy’s rooi 
Example: Test for corivc 
Solution: Let 


the given series converges. 

’S whose n th term is 


[encetl 


Now lim («„) 


Hence, by Cauchy’s root test, the given series converges. 

Some Important Definitions 

» 

1. The infinite integral J f(x) dx is said to be convergent (divergent). 


x) dx is finite (infinite). 
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Example: examine the convergence'of^e^iiowing series £ -1~ 

\ \v ,'/ n =in 2 +n 
1 " ^ //. • •; 

Solution: Let u (x) = ~ — , so ftfayrfp) ** u„ v n 4 N V 


Forx > 1 , u(x) is non-negaifre. 
function. Now | 


monotonically decreasing and integrable 

•«4 ' / i ^ 


log'll log 2 = log 2, which is finite. 


is a convergent and so by Cauchy’s Integral Test, the 


given senes is convergent 


Example: The series ^ 

«=3 

diverges if 0 < p < l. 
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2. Let f(x) be a real valued function with domain [l,oo[. Then the 
function /(x) is said to be non-negative, if f{x) > 0 V x > 1. 

3. The function /(x) is said to be monotonically decreasing, if 
x<y f(x) > /(>>) V x.y e [1,oof. 

Example: Let /(x) = l/x 2 . Then f(x) is non-negative and 
monotonically decreasing v x > 1 . 

1 L Cauchy’s Integral Test: If w(x) is a non-negative, monotonically 
decreasing and integrable function such that u(n)-u fl VneN, then the 

series is convergent if and only if f u (x) dx is convergent.. 

n =1 . W ■ 


Example: The series £-j(/ 7>0) is convergent^ J>-l,.and divergent 

n-l n c . ; i V.-'-'i-. 

if p<\. V ^ \ \. % 


Example: l he series 1 -- is convergent if p > l and divergent if 

n= 2 n(\ogn) p W 

0<p*l. v - 
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Alternating Series 

A series of the form « r -w 2 + « 3 - where w /( >0 VhsN is called an 
alternating series and is denoted by X( -1 )" u„ . 

n=l 

Example: 

« ic-r’r^W-r- 

77—1 

/• , \77+l 1 , 1 i 1 

(b) § H) Tn =x -T2 + Ti-T* + - 


(c) ytlll=-i_i- + -i-—+... 

“ logn log 2 log 3 log 4 log 5 

4.6.1 Leibnitz’s Test for Alternating Series: If an 
satisfies 

(i) u„ +l <u„ y« 

(ii) lim u n = 0 

77->K> 

♦ X 

Then, the series XX" 1 )"" *V converges. ^ 


Remark: The alternating series XHA^S convergent if either 

u„ +] £u n , V«or lim u n *0. v \...^ ’ '• lr 

Example: The series convergent, as I ' ®Jj| I | \ 


Example: The series l--+-~7^-r "" 


lim = lim f —= lim f 1 +— 


n-» oo 7 i->op\^ n ) n-+<*>\ It 


Example: Test for convergence the se^es^X^— h— = l-X-+i-i+... 

a.,. \ I 77—1 - 


•$**** i -f /•? 

Solution: We see%f-<l,-<and so on. Thus 

(a) u n+l <u n \/n . . ^Sf jff , ;p : ' / 


•. Hence, by Leit^^^TestJli given-series is convergent. 

4.7. Absolute Convergence / 

If X«« is a series of r^pnumbCrs such 1 that Xl a /i| IS a convergent series. 

Then called an af%lu$#y convergent series. 

•-■.V / ' 

Example: 

« 

(a) X^~T - is absolute convergent series. 

Si n 

oo / i A ' 

(b) X sin -t | 1s al?solute convergent series 


(c) X - ' — is not absolutely convergent series. 
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Series of ReafNumherS 


Result: Let Y u n be—absolutely convergent series. Then Y u * is also 
convergent. The converse of this is not true i.e.. a convergent series may not 
be absolutely convergent. 

Example: Consider the series = 1 -~+ 

We have seen that the given series is convergent, by Leibnitz’s Test but 

Via,,! = 1+—+-+... = Y— is not convergent i.e., Yu n is not absolutely 
^ 2 3 

convergent. 

Conditional Convergence 

A series Y u » is said to be conditionally convergent, if 

(i) is convergent, and v v 

(ii) lL u 'i * s not a bsolutely convergent. \ "~v. 

Example: Test for convergence and absolute convergence the senes 

n 111 , , . 

yi—-— = 1-+-+...for>p>0- \ v % 

S nP 2 P 3 P 4 P F , 'h:., 

\ 

Solution: Since p> 0 and (n + \) p > n p , so x \_ " \. 


7-^7 < "7 => “it+i <«* v« 

(n + ly n p 


1 . ’■ \ N,,, 

Also, lim u n — lim •—- = 0, since p > 0*.-'%. V 4 *- 

n —>co ftP \ X ^ 

I CO / lVI+1 

Be Leibnitz’s Test, —-— is ponvergent. 

fl=l « P T, 


Now, Y, -—-— =Y — is convergent if p>\ and divergent if p<\ . 

»=l n p „ = i ^ \ 

Hence the given series ^absolutely convergent if p>\ and conditionally 
convergent if 0 < 1. Ly,, ; 

Example: Test for convergence and ^absolute convergence the senes 

_i_i $ /V" "■ •" . . 

-Jl -^3 %f // 

Solution: We havp ,m„ + 1 for each « and 

lim u n - lim _1— = 0. 

/)“>«■ n-rn -J2n ~ 1 i# 7 

Thus Y u n is convergent, by Leibnitz’s test. 

Now we show Y u n is not absolutely convergent. We have 


Let v =-* => lim — = lim. —^=-^*0 and finite 
-y (n «-»*> v„ H-*»V2rc—-I v2 


Since ^v„ is divergent, so V| u n (is divergent, (by limit form comparison 
test) 

Hence Y u n is not absolutely convergent. 
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Example: Test for convergence the series J(-l) 1 

• . . n=l . 

number. 
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1 / n~ is convergent 


Solution: We have | u, 


Thus Yj u u is absolutely convergent for all real values of a and so 
convergent for all real values of a. 

• v' sin nx + cos nx 

Example: Discuss the convergence or the senes - ~ 2 -• 


Solution: We have 


Since 2"TT * s conver § ent ’ so ^ Fi rst 
convergent /.e.,Yu„ is absolutely convergent. 

^ *> XT-*-**™™*.,. 

Hence JX 1S convergent. v- J 

Example: Test for convergence and abso) 


the series 


Solution: We have u t 


v-ic any, 1UU u„ — urn - ^ '^■’T****- r-y 

n-*v> log(« + lj dr®®. . if 

Since log* is an increasing func%n^r ail % > 0, therefore 
log(« + 2) > log(« +1) ff 


=> 7-7 -rr< , \ '^X n => uj +] 

log(« + 2): log (n fr. 

Thus the two conditions of Leibnitz'Test are satisfied and so the given series 
is convergent. . W 

w i.f . • . 

Now we test the absolute convergence of the given senes. 


‘ V”; 


We hav^l2 l fl|}|:£ 


^hich is divergent. 


u n is conditionally 


Hence JX is not ' absolutely /. convergent i.e. 
convergent. ijljf /J 

Example: The series converg 


Solution: We have u i 


=> lim«„=° k-XX'-r 

ft->W 7w^. ; r-v \ * 

Now we shall prove that u„ +1 < u„Vn. 
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f (x) is decreasing function V x > e 


Thus both the conditions of Leibnitz test are satisfied and so the given series 
is convergent. \.'*• ! 
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FUNCTION AND THEIR PROPERTIES 


5.1. Definitions 

Function: Let A, B c R be two subsets of R. 

A function from A to B denoted by f\A-*B is a rule which assign eveiy 
element of A to unique element of B . A is defined as a.,domain of f & B 
is defined as co-domain of / and f(A) is defined arrange , where 

f( A ) = {/(*) e B: * e A ] • "'SS" \ 

1. Equality of two functions: Two functions f afe-s^id to be equal 

if and only if ^ \'S, ''-Ns. ‘ A' " 

(0 f\ &fi have same domain D (say) 

(”) fi (*) = f 2 (x) A xeD 

2. Composition of functions: Let /: } ; v 'fed g ; y _» z be two 

\\, (1 ° 

functions such that f(x)=*y and g (» = zxeX, y<=Y, zeZ . 
Then the function h-.X that/ h(x) = z = g(y) 

: = #(/(*)) V xe X is known as th^cpfi$osition/of / and g and is 

" ""'-C denoted by gof, Q ~ / 

3. Inverse function: Let / be a pne-ond onto function. Then the 

function £: 7 -► A r which associates to each element y 6 r the unique 
element xeX such that fjx)= v is knoWh as inverse function of f _ 
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Function and their Properties 


Put yovr Own Notes 


Properties: 

(i) (x| <a=> a 


The^'Grea|||t Integer Function: Let /: R R defined by 
f(x) = [x] = x f|?+ 1 , n , [x] indicates the integral part of x 

which is nearest II||s|§aUest integer to x . It is also known as floor of x 
Domain of / is fhefset of'.real number and range of / is the set of 
integers. £f ■■ 
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Some well known functions 

1. Identity Function: The function defined by f{x) = x 

for all xeR is called the identity function on R. Clearly, the domain 
and range of the identity function are both equal to R. The graph of the 
identity function is a straight line passing through the origin and 
inclined at an angle of 45° to x -axis. 


2. Polynomial Function: A function '\;-of \Jtfo6 Form 

/(x) = a 0 + a,x + a 2 x 2 +... + a„x n , where «eN>, knd-■ , d{;n 2 R . 

Then, / is called a polynomial function. . ' x 


v.V N \ v 

Example: /(x) = x 3 +2x 2 +9 v ' 

3. Modulus Function: The function ' /:R,-^R defined by 

{ x > o , 

is called the modulus function. The range is the 
-x, x<0 \ 

set of all non-negative real numbers 



























Function and their Properties 


Example: f2.3023] = 3, [-8.0725] 

Properties: 


(ii) J.V4 /]_r.v]-h/ ; if /e2 

Exponential Function: Let a be positive real number. Then the 
function f :R->R defined as /(x) a* is called the exponential 
function. The range is the set of all positive real numbers. 

„ y=a* y^axts 


Logarithmic Function: Let 'a ’ be a positive're^l number, then the 
function f:R + defined as /(*)« log* x is, called the logarithmic 
function. The range is the set R of all real numbers. 


Jf 3>1 


•eal numbers 


Properties: Let a,b* bt 

(i) \og e (ab)=log e I+\o] 
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Tut your Own Notes 


y-axis 


x-axis 


Function and their Properties 


9. Rational Function: Let p(x),q(x) be-two polynomials. Then a rational 


function is a function /:£>-» M defined as /•(*) = , where 


Z) = R-heRh(x) = Of. 


Example: 


(a) Let /: R ~ { 0 } —» R defined as /(x) = — 


(b) Let /: R - { 0 } -> R defined as f(x) = — 


10. Signum Function: Let / ; r {-1,0,1} defined as 


if x > 0 


/(*) = ]-!, if x<0 

0, if x = 0 

is called signum function. 


11, Trigonometric Functions: \ 

(i) Sine Function: The function w 


5 each real number x 


to sin x is called the sin<| func^Q%Here x is the radian measure of 
the angle. The domain of the sine' function is M and the range is 


e function that associates each real number x 
e cosine function. Here x is the radian measure 
omain of the cosine function is IK and the range 
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Function and fheir Properties 
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y*co$9c 


y=cosec x 


yacoseo, 


!rt-3rc/2 


' function that associates each real number x 
.ecant function. Clearly set is not defined at 
i.e., .(2»+i)«/2, neZ . So, its domain is 

[ . Since jsecjr I > 1 , therefore its range is 
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(vi) Cotangent Function: The function that associates a real number x 
to cot a- is called the cotangent function. Clearly, cotx is not 
defined at x-n , i.e., at n- 0, ±n, ±2rc etc. So domain of 

cotx is R-{mc| n&Z} . The range of '/(*) = cot * is R as is 
evident from its graph in figure. 


Tut your Own Notes 


cotx 


\ H. V 

12. Inverse Trigonometric Function: The inverse. tngonometnc function 

sin -1 x, cos" 1 x, tan" 1 x etc. are defined asN.'the inverse of the 

\ • \ 

corresponding trigonometric functions. For example, sin -1 x is defined 
as the angle whose sine is x. But since for each-value of sin" 1 x, there 
are unlimited number of values of the angles-whose sine is x and for 
values of x for which Ixl > 3» sin-r 1 x does not exist. Thus, we cannot 
define the inverse function of sin\umesj.we modify the definition of 
sinx in such a way that it becomes aN^ij gcjio n. Ifive consider sinx as a 
function from \-n / 2, * / 2] to/f-ff iL4hen it is a Injection. Consequently 

sin 1 x exists and it is a functibhiffom [fi, l] to |~jj / 2,nH]. 


ms 




mmm. 

‘M 


The domain and range of the inverse trigonometric functions are 
stated below:'- ."'^ 


Definition of the function 




y — cosec x <=> x — cosec y 
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Function 

Domain -- 

Range 

, 7 


[—5T / 2,7C / 2] 

cos -1 X 

n 

[°>rt 

, tan" 1 x 

(—oo, <xq0r 

R f% _/ 

Jif-n/2,%/2) 

cot” 1 X 

(—oo,oc) or 

R 

(0,tz) 

cosec _1 x 

R-(-1,1) 

[-1112,% 12] 
-{0} 

























Graphical Transformation 

1 . When / (x), transforms to / (x) ± a . (where a is +ve) 

i.e., /( a -)—> f(x)-ra 

shift the given graph of ./ (a ) upward through ‘ a ’ units again 
/( a ) -> f(x)-a shift the given graph of / (x) downward through ‘a 


Example; 





2 . /(x) transforms to /(x±«) Sy. 

i.e., / (x)-> f(x-a); a is positive. Shift the gra^trf- 7 (x) through ‘ a 
’ unit towards right/(x) transformations to^X|.x+'h)-. 

i.e., f (x + a); a is positive. Shift,the graph of /)(x) through ‘ c 

’ unit towards left. , : V 

Example: ' ’wj, // .. 


=*• " ’«< 




3. f( x ) transforms to 

i.e., /(x)-» af (xY^> r X Stretch thef,graph of /(x) ‘ u ’ times along 

y w ■ 4 ’ ■ 

/(x)-»-/(x);^ >1 Shrink the graph of f(x) * a ’ times along 


1! 
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Function and their Properties 


An ISO 9001 


Example: Plot v = sin x and y. = 2sin x. 

Solution: We know; y = sinx and f(x)-*af(x) 

=> Stretch the graph of f(x) ‘ a ’ times along y- axis. 

y - 2sinx => stretch the graph of sin x * 2 ’ times along v- axis. 


Vawr Ovra 


2sin x 


4. rf*) transforms to f(ax) - \TV. ^ 

S'-' J \ / x'. x. 

i.e., /(*)-»/(ax); a > 1 

Stretch (or contract) the graph of / (x) ’ times alohg y- axis 


again /(x)->/^-xj; a> 1. 
Shrink (or expand) the graph of / 


cfe saion S, ^ axis - 






''it ;'.'W: 


iiiiill 

Mill? 

m&mmm 


si^^f and y =? sin 

Solution: Here' 


is to shrink (or contract) the graph of 


if® i 


•V' ■ /■ 1 

' ; 
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Function ajid their Properties 


lESMMEZ I 


f(x) transforms to f(~x) 


To draw y = f (-x) , take the image of the curve 
plane mirror. 


Turn the graph of /(*) by 180° about v-axis. 


Example: Plot y - e 


Solution: As y~e x is known; they y 
plane mirror for y = e x ; shown as; \ 


image in y-axis as 




6. f(x) transforms to 


mirror. 


Turn the graph of /f|) by|a80' about *- axis. 
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Function and their Properties f 
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Example: Plot the curve y = -e x . 

Solution: As v = e x is known; i 

Tut your Own Motes 

>' = -e x take image of y = e x in the x - axis as plane mirror. 


7. f(x) transforms to -/(-*) 


i.e., /(x)-> -/(-*): 


To draw y ~ -/ (-*) take image of /( x) about v-axis to obtain / (-.v) 
and then take image of f{-x) about .v- axis to obtain -f(-x). 


/■(*)-*-/(-*) 


(i) image about v-axis 

(ii) Image about .r-axis 



Example: Plot the curve v = - log (- 
Solution: As y = log* is known; 

(i) Take image about y- axis, for,) 

(ii) Take image of v = log(~*) abo 


i.e.,/(*)-»]/(*}| || a" 

i ! ]>s$f • 

Here; y = /(*) isTtirawn in two steps. 

/?.: 

(i) In the first step,|tgav^ythe positive part of f{ x ), {u., the part of 
f(x) above axis) as it is. 

(ii) In the second step, take the mirror image of negative part of f(x). 
{z.e., the part of f{ x ) below axis) in the axis as plane mirror. 


Take the mirror image (in *- axis) of the portion of the graph of 
f(x) which lies below axis. 
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Function and their Properties 


Turn the portion of the graph of './(*) lying below r-axis by 180' 
about x- axis. 


Graph for }/{*)} 


Graph olf(x) 


Example: Sketch the graph for v = Isin x| 


Solution: Here; 


sinx is known. 


To draw v = Isinxl, we take the mirror i 
portion of the graph of sin x which lies belo’ 

1 .r - 1 . V * 


axis) of the 


Image of portion below 
' XHOGs 


9. f(x) transforms to /( \x\ 


we should follow two 


(0 Leave the graph lying right side of the y- axis as it is. 

(ii) Take the image of / (xj fn the right of y-axis as the plane mirror 

lying leftward of the >>-axis (if it exists) is 


Neglect the curve far, Jf< 0 arid take the images of curve for x > 0 about 
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Example: Sketch the graph for >- = log |x|. 

Solution: As we know, the curve y = logx. 
y - log j.xj could be drawn in two steps: 

(i) Leave the graph lying right side of the y- axis as it is. 

(ii) Take the image of f(x) in the right of y-axis as the plane mirror. 


Tut your Own Motes 


10. Sketching h(x) = Minimum {/(*),g(.x)} and.,,. 

\. \\ 

/»(*) = Minimum {/(*),g(x)} ’■ \>.. 

\ * s "\. ^ 

(i) h (x) = Maximum {/ (x), g (x)} . 

\, \ 

_ f/W; when /(xW(^^ 

UW; when g(A-)m^ ,y 

Sketch f(x) when itet^aph%^ove the graph of g(x) and 
sketch g (x) when its graphv^itevp the of f (x) . 

(ii) h(,x) Minimum {/(*),«(*)) //. 




Sketch f(x) wheri-it 


iilower and otherwise sketch g(x) 


Plllll 


{/(*)»■*(*)} 


ictions' of the form y = max 


Tdlimw 


mm 


We first draw the gisiphs ofbbth the functions /(x) and g(x) and their 
points of intersections; Th^n we find any two consecutive points of 
intersection; In betwbetffhdse points either f(x)>g(x) or /(x)< g(x) 

, then, in order to max{/(x),g(x)} we take those segments of /(x) for 
which f(x) > g(x), between any two consecutive points of intersection 
of f(x) and g(x). 

Similarly, in order to min{/(x),g(x)}, we take those segments of /(x) 
for which /(x)<g(x) , between any two consecutive points of 
intersection of /(x) and g(x). 
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Tut your Own Motes 


yemajtfsjnxicosxj 


ss^jSi 


Example: Sketch the graph for'V- Sift (| x |,Jx-1|,| x +11}. 

_ , . i \ /./ : : 

Solution: ««*A 1 - .■■■/ 

■ 4 Mtn m&sm. ir 

V * 


V 



V 

\ 

v 

Nr 

\ "V: 

v V ’ 

$ ■■ 

■# 

k 

• .j 

V 

■ r 

/j 

\ \ 


J' 


A 


First plot the graph for: 

y=lx{,y = lx~lj, j = |x+lj by a-dotted'curve as can be seen from the 
graph and then darken those dotted lines for which 

l*|<{|*-l|,|x + l|}: 

|*-lj<{|x|,)x + l|} 
and |x+l |<{[x|,|x-l|}. 

Graph for y = f x \, y = |x-1 j, y = | x+l\ . 
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Example: Sketch the graph of y = max {sin x, cos x], Vxe —J . 

Solution: 


First plot both y = sinx and y = cosx by a dotted curve as,can be seen 

from the graph in the interval and then darken those dotted 

2) %. “V, 

lines for which /(,) > g ( x ) or * ( A ) >/(,). 


From adjacent figure the point of int 

Graph of max {sin A-,cos a} 
































Function and their Properties 




! ■ ■ •. : 


i : 


As from the above curve graph for v = min 


Tut your Own Notes 


From above figure : min 




Some Important Functions and TJheiir^raphs 

1. f:A-* R 
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Function and their Properties 


Classification of Functions ^ 
1. Algebraic Function: A function 
function and set s c JR , if it i|#roc 

FoWy ,: +F, +...+/7„(x)='c 
Where p-(x) are polynoipiat m 
Example: I 1 

(a) p(y) = -3|py 1 


rjftmctioh! 


















































3. Periodic Function: A function y - /(x) is said to be periodic if 3 / e E 
such that /(* + /) = /(*) VxeD.o.d and x + le D.o.d. and such / is 
called a period of /. 

Fundamental Period: The smallest positive aeR for a periodic 
function / is defined as the fundamental period of /. 

Examples: 

(a) f (x ) = sin X is a periodic function with set of periods {in tt : n e Z} 


fundamental period of /(x) = sin x is 2^ 

(b) f (x) = tan x is a periodic function with fundamental period 7t. 
Remark: V - Vv Xbg 

(a) Periodicity is a domain based property. A". 

(b) A periodic function may or may not have fUndaipental-period. 

Example: f : R K __ V~-X 

\\ V " g 

/(x) = cVxeR, ceR ^ 

Then for any a e R, / (x + a) = / (x) = c > % xeR 

set of periods of /is M \ \ v . 

but fundamental period does not exist. 

(c) If a function /has a ftmdamenjal period T ..Then af(bx + c)+d 

. . has period a,b,c,d eJL . :■ 

(d) There exist a periodic fii^^^&se fundamental period does not 

exist but set of periodis;^fce in R // • 

.iPPaHit ygff // 

Example: f : R M //' 


/ Then^^^^^) |lel^aeQ. 

Set of periods is Q (set of xhtionals) . 

.But funlitnental plnod does not exist. 

(e) If /„/ 2 ,..%4f periodic functions with periods T u T 2 ,~ t T„ 
respectively’Mxl of exist. Then their linear 

combination offf|'s is ••periodic function and their L.C.M. decide 
the period of f/s 

® ^{aA>Ue«-3f7j Bill! 

q 2 <ln j /i.C.r 

(g) If a 1 ,a 2 ,...,a„ are irrational numbers, obtained by multiplying i|x 7 ; 

same irrational number by different rational (non zero) then ghb-x 

L.C.M (<x t ,a 2 ,...,a„) = L.C.M (Rational multiplied by that irrational) ; • 

(h) L.C.M of rational and irrational numbers is not defined. 
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Examples of Periodic Functions: 

(a) f{x) = sinj^j is a periodic function with period 6n, 

Reason: Since period of sin x -2?t 
period of sin yj = 2tz x 3 = 671 

(b) f (x) = sin 2 x has period n. 

,, c . . 2 l-cos2x 11 /. n 

Reason: Since sm x =-=-cos 2x) 

2 2 2 


as cos 2 x has period n 
sin 2 (x) has period ^ = ir 
(c) / (x) = sin 3 X has a period 2n 

1 H*f*^ 

Reason: surix =—(3sinx-sih3x) 

3 . 1 . . 

==—sinx—sin 3x 

4 4 


since —sinx has period 271 

—sin 3x has period — 

.4 F 3 Uy, 


and L.CM <2 *,^4 = L.CM 

! " 

L.CM{2,2} f 


\ X- A 

s,X 


H.C.F {1,3} 


-7 -s&h_ «, 

_z f, 

sin 3 x has period ft 


W./M gsih'Tcx'irx - [x] is periodic function with period 2. 

~ 0 ' '2it ’ 

ReasoUFSrace sirijgj:) has period — = 2 

and x-[x] hl|ji^ 1- Jl 
also L.CM {2, 1} |l|2 .0 1 , 

-4. ; 5 *“■. M * .- 1 ' 

/ (x) is periodic function with period 2. 

Notes: 


Example: Take f (*) = sin x, g(x) .= x-[x] 


But /(x)±g(x) is not periodic. 
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Function and their Properties 







































mm 

Ilifll 


ij?., 3 a,p§K such, that 

a i|i|xf§jK. V x'lfcf 


as# 




Mm$ |f| 

mifS: 


i«t 




Mfe$s 


>>> 


(b) Sum of two non periodic function may be periodic function 


TUtVour Own Motes 


Example: f (x) = x 2 , g (x) - -x" Vie; 


Then / and g both are non periodic functions 
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But (/ + g)(x) = /(x) + g(x) = 0 VxeR 


Example: f (x) = sin 2 x, g (x) = cos 2 x both are periodic functions 

\ K . 

with fundamental period n . But / (x) + g(x) = sin 2 x;;+cps 2 x = 1 does 
not have fundamental period. . v->- Xi,. 


(d) If f and gare two functions defined on JR sbch-.that gis periodic. 
Then fog is periodic on M. v \ 0 

: 


Reason: Since g is periodic, so 3'aeK such that 


g (x + a) = g (x) V x e £> x + a € £> -\^ 




So {fog)(x + a) = /(g(x + a)) 


„ -/(*(*)) V V 

. I --' ■' Me? /ff 

= (fog)(x) Vx6D.ci, x + a^D.o.d ,/f ■ ■> }. 

(e) Algebraic functions cannot be periodic unless they are constant 
function. %. •:’} 

■ ; teA 1 //. ■ . 

4. Bounded Function: LetScM and / :5.->Mbe a function. Then / is 

8V. X ;/ • 

bounded if and only is Dbtmdejd in M 


Notes: "’’ftSt jlf //■ 

(a) If 5 is finite =>"3|lnge i^ finite => /is bounded. 

(b) For a function to be^iniiounded, range must be infinite set. 

(c) / is unbounded on 5-»V«eN 3 x„ eS such that 

|/(**)|>«- 

i.e., is unbounded. 

(d) Sum, difference and composition of two bounded functions is 
bounded function. 


is a periodic function. 

(c) Sum of two periodic functions (having their fundamental periods) 
may be periodic but fundamental period may not exist 
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Example: f: [0,1] - r > 1 


Then / is unbounded. 


Reason: For all neN. 3 


=> Unbounded set contained in 


=> /{[0,1]) is unbounded. 

5. Monotonic Function: Let .S' c k-and "f then x 

(i) / is said to be monotonically increasing if fdr3% < x 2 

=> f{ x i)Z.f(x 2 ) V xj,x 2 e^ 

(If strict inequality hold theftf 1 / is^eaUed strictly increasing 
function) » 

(ii) / is said to be monotonically decreasing if for jc, < x 2 

■ V f(x 2 )£ f{x 1 ) Vx l5 x 2 #%■ if" f?' . ’ 

If strict inequality hold tlfeuff' is called strictly decreasing function. 




Monotonic Functions 


Notes; 


(a) If / is monotonically increasing (decreasing) function. Then -f is 
monotonically decreasing (increasing) function. 

(b) If X 2 is monotonic on X 1 and f 2 \X 2 ^ X 3 is monotonic 

on then f 2 of l :X l ->X 3 is monotonic on X 1 . 


(c) Sum of two monotonically increasing (decreasing) function is 

monotonically increasing (decreasing). . 

(d) Difference of two monotonically increasing (decreasing) function §§§j jj ' . 
m^^pL^monotomeallyinCTeasing(deer^smg). 
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Function and their Properties. 


Tut your Own Motes 


Example: f: Q,~ <? • o — 

L 2 J 0 ‘ ’2 


/(*) = sinx, g(x) = x Vie 0,y 


Then / and g are monotonically increasing functions but 
h(x) = smx~x is not monotonically increasing function. 


(e) Product of two monotonically increasing (decreasing) functions 
may not be monotonically increasing (decreasing). 


Example: f : K —> R defined by 


and g: R -» 






But f(x). g(*) = 


V-v ^ 

\ \ \ - 

1 V\ 


is not monotonically increasing. s ^ 

Examples of some well known monptonic functions: 

(a) /: R -> R defined by 


f(x) = a x V x e 1, a > 1 is monbto|iicali'y increasing function. 


(b) /: ( 0 , 00 ) U R defined by 


./(*) = log e x v * e (q f #|1|%mopotpnically increasing function. 


(c) /: R -> R defined by 

0 !^ , J 

/ (*) = a- e R is monotomcally decreasing function. 

6. Even Function and Odd FunctioniiA function f:S-+R is said to be 

••• * 


an even function if f(-x) = f‘(x)v ye S and / is called an odd function 


Examples df^t^n functions: 


:) = xr on M 


"WM f :■ 

'"ftrr J# 


(b) f( x ) = cosx on 


( c ) /(*) =| x j on R are even functions. 
Examples of odd functions: 

( a ) / (*) = sin x on R 


(b) f{x) = x 2 on 


( c ) /(*) = x 2 sin(x) on R all are odd functions. 
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Remark: 

(a) The graph of an even function is always symmetrical about y -axis. 
i.e., the curve left hand side of y ^axis is the mirror image of the 
curve on its right hand side. 

(b) The graph of an odd function is always symmetric in opposite 
quadrant, i.e., the curve in the first quadrant is identical to the curve 
in third quadrant and the curve in second quadrant is identical to the 
curve in fourth quadrant. 

(c) If / is a even and differentiable function on M. Then f'(x) is an 
odd function. 

(d) If /(*)is an odd differentiable function on iRfthen /'(h-)is an even 

function. K. XO 

5 5. Limit of a Function 

, X \ \ 

5.5.1 General Principle For Existence of Limit (GPEL) 

Let S cl be a subset of JR and x=a is a limit point 6f;5'.(may or may not 
be member of 5) ' v 'X, \ \ v 

. \'V- 

•X\ 

% • v.. 

We say / e M is the limit of / <=> for any s >t)‘-.38 

\ ■ X^** // • 

Such that " L' 

x \* x 2 e {x: 0 < | x - a | < 8} => |/ (xj) - / : 

Note: This method is rather useful to disclaim fiat limit does not exist. 
Examples: 


Solution: For any 8 > 0 in e N such that 


iciple for the existence of limits, lim sin 


2. /: M -» R defined b; 


Then limit does not exist at any real number. 

Solution: For any a e M and for any S > 0 
, x 2 e (a - §, a + 5) such that 
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Function and their Properties 


3. Prove that lim -Jx = -Ja for a > 0 


Tut your Own Notes 


Solution: The function f(x) = -Jx is defined for all non-negative real 
numbers. Since we consider the interval [a -5,a + 5), we can choose 
0 < 6 < a . Now -Jx + -Ja > -fa . 


or any other smaller positive real 


Hence, we choose 5 = min 


number. Hence if o < \x - o| < 5 , then we have 


limxsin—= 0 v. 'C\ V- 

x—>0 X \ ' 

Solution: Here /(x) = xsin(l/x). \ 

\ w '< \ 

Let e > Obe given. Then we want to find a .6 > 0 such that 

\ v 

| /"(x)- 0 |< e whenever 0 < I x - 01 < 5 . \ ,% "'~ 

\ 

Now, j / (x )—0 j 


xsm 


We can choose 5 = e. Then we have'V, ; f />/ 

4 ; ****** S'* • 

.. ' |/(x)-0.I< E whenever 0<fx|<» ff & • .s 

, ' : . x | JJ . 

Hence, limxrsin—= 0 4>I$fev< 

X~*0 X f • 

5.5.2 Second Definition 

Let ScR be a subset of R and x~a be a limit point of 5 (may or may not 
belongs to 5 ) v .. : ... 

Let /: S -» M. //. 

We limit >pf / <=> for any sequence (a„) , such that 

(<?„)-» -a => f\a„ l . (a„ k S V n e hi) 

Note: 1>- 

(a) if we can find two ^sequences (a„) and {b„} in 5 converging to a but 
f(a„) and f{b n ) converging to different limit. Then we say the 
function has no limit at x=a or limit does not exist at x=a. 

(b) We can say limit does not exist at x=a if we can find a sequence (a n ) 
in 5 such that (c n )-> a and f(a n ) does not converge at all. 

Examples: 

(a) /: R ~ {0} R defined by 


>r 




WM 




isSS? 


V el~{ 0 } 
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Then limit of / does not exist at x- 0. 


Function and their Properties 


Reason: { a n ) = is a sequence in s = 3t~ {0} such that 

V*/ 

f 

but f{a „) = = sin y =sin(«) 

\n ) 

does not converge anywhere. 

(b) /: R -» K defined by 


/(x) = <0 x = 0 

-1 x<0 

Then limit of / does not exist at x = o. 

... ■ sy 

Reason: Take {a n ) = /^-j and (6„) = 

\ 

Then a n -> 0 and b n -» 0 


But /(*„)-> 1 and /(&„)->-l 
(c) /: M ~ {0} -»R defined by 

yp) = Ivx s eK-{0} M 


/1 \ , i(r . - . i' ■/,y 

Reason: Take (a n )^ 5 then::|irn/(x) does not exist. 


Then (<z n ) 0 %ut = which is not convergent. 


5.53 One Side Limit 


Definition ^f%^|fanction S(x) is said to approach L as x -> a from the 
right or from above ifgiven a >0, there exists a 5 > 0 such that 

|/(x)-l|<e whenever< <yi-5. 

The number X is called-the^nght hand limit of / at a . We write this as 
lim f[x) = L . Note that for the existence of the right hand limit f{x) 

should he defined in (a, a + 8). 

Definition 2: A function /(x) is said to approach M as x approaches a 
from the left or from below if given e > 0, there exists 5 > 0 such that 

|/(x)-m| < e whenever (a - 5 < x <a). 
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The number M is called the left hand limit of / at * =* a - We wnte tl 
lim f( x ) = M . Note that for the existence of the left hand limit 

x-*a-' 

should be defined in (a - 5. a). 

if'right hand limit & left hand limit are equal. 


Tut your Own Notes 


Note: We say limit exists 


and lim — 

x —>0+ X 


Example: Evaluate lim 


Solution: By definition. 


lim — - lim — 
*-►0 x -v -»0 x 

(x>0) 


x-*0+ 


does not exist, since -1*1 


Hence lim 


does not exists 


Example: Show that lim 


Solution: We have lim 


x->0+ X 


does not exist. 


Hence lim 


Example: Evaluate lim [x+ | 

x->-0 1 

Solution: lim [x +1 x |] = x )" 

^ ijm X f^% h , . 

lim fx+|xl]=* lim^+x)^m 2^1 

h0 + M U *->0 v 

Hence lim (*+[*])»0. ^ ^ 








Let ScR b^ifrbset |$?Rand// is defined on S . 

Then lim f(x) iS|is|lhen it>si unique. 

^ ' *' “ ' t some deleted neighbourhood of 

is unbounded on some neighbourhood of c => limit at 


2. If lim f (x) = L , theiftj is, bounded on 

x~a i.e. 
c does not exist. 

For example : lim— does not exist. 

3. lim/(x) and equal to a real num 
lim fix) and right limit lim f(x) exist and are equal to l 

x->a~ 

4. Algebra of limits 
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Let lim f (x) = / and lim g (x) - m 

x-fa a 

Then. ■ . . 

(i) lim (/ (x )± g (x)) = lim / (x)± lim g (x ) = l ±>r 
x-*a x—>a , t —>a 

(**) j!J 1 fl (^( ,r )‘ g ( jr ))“ } ™ (/(*))- hm (g(x)) = l.m 

f( x ) Mm/W / 

(ill) lim \ ~ T* p 7 t = — provided m * 0 . 
x-H2 g{xj liing-fx) m 

x ->a 

Example: 

sinx 
lim — f=- 
•T-»0+ yjx 

\ 

Solution: \. 


lim **=f lim ™£|.( lin. ,ff). 1.0 = 0 
a , -*o+ Vx . \-*-»o+ x ) >o+ \ \ \ ' 


'V>., V 

’ K. ^v.,. 

V \ 

• '**■•*, 


(J 

Example: Evaluate lim —-- 

*40^+1 


Solution: Now when * _> o + ,l /Xr* co,^* -»0 and when 

A - t / 1/ T - V 

x —> 0 , 1 / x —> —co ,v * —> 0 . V ^ 

\lx s 

lim - -= lim-— = 1 \ 

^* ,+ l ”0’ , + C fi 

J /x A 

and lim —-= - = 0 "v 

x-XT^ + 1 1 


x~r \/ c Ti * 

r \ •yf ■ / 

so that the left hand limit is not equal to the right hand limit. 


Hence lim- 


Example: Find lira e x sgn (x + fxl). where the signum function is defined 

/ ' fipMIP 

‘riSBHj* !f >, '■ 

as sgh(x)^< j§|£ • x=0 and [x] means the greatest integer <x. 

-m M> -v’ 

0 •'/ 

Solution: Left for the reader. • 

(Ans. lim e x sgn (x + fxl) does not exist.) fl|K^ 

: 

5. If / and g are defined on a deleted neighbourhood of a point a and (LL L 

/(x) > g (x) V x e D then lim /(x)£ lim g (x) provided limit exist. " \ ; ■ 

x-*a x-m ‘vr.i'p ■ - 

ppfe§lg. ; f:r -I 

6. Sandwich Theorem for Functions: If function f,g and h are defined ^-r;: 
on a deleted neighbourhood D cf a point a such that . - 

/(x)> g(x)> h(x) V x € D and lim/(x)= lim k(x) = l , then hmg(x) J;:pL V - ' 

x-*a x-*a x~*a 

exists and equals to /. 
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Let / be strictly increasing on / c 3R then / 5 exist and is strictly 
increasing on /( /) 

Reason: Since / is stnctly increasing on 1, it is one-to-one on / and 
so / _1 exists. To prove that f~ ] is strictly increasing, let v, < y 2 be two 

points of /(/) and let *, -rHrt) and x 2 =/" 1 (y 2 )- We cannot have 
X] >x 2 for this will imply y, > y 2 contradicting our assumption. Hence 

the only alternative is x, <x 2 which means /"' (j ; i)< (>’ 2 ) • Hence 

is strictly increasing. 

If / is monotonic on (a.b), then for each £ - in (a,/;) lim /(.x) and 
lim /(x) both exist may not be equal. .. 


Tut your Own Notes 




Function and their Properties 


9. If / is monotonic increasing on (a,b ), then for eack c 

V.’v 

lim f(x) - sup /(*) < f (c) < mf /(*) - 

X-*C~ jre(a.f) • t 'tf \ \ 

5.5.5 Some Important Limits 

(i) lim f 1 + — 1 = lim f 1 —- | =e; 

(ii) lim(l + x) 1/x =e; 
y x-» 0 V 


( V 

1+—.: = lim 1+—I =e y ' 
x y x 


\ log(l + x) 

(iv) lim -— 1 -- = 1; 

x->0 x 


(v) lim -- - = log a, V a \ 

^0 -x A J , v . , 

p P "''*$%<■ jfr 

(vi) lim—- = P a p -}',^ p f * O andaW.if p = 0; 

.v—>0 x~a 


.. sinx . 
1 ) 

iii) lim cosx = L 


x->0 


' 5 itfe 

lily ag 

. The above limits'ar^,^f basic significance. 

5.5.6 Infinite Limits and Limi% at Infinity 

(i) A function / is said to' tend to / as x -> °° if given e > 0, there exists 

a positive number k such that | i< e whenever x > k 

Also then we write lim f(x)-l or /(x)~> / asx-> co. 

(ii) A function / is said to tend to / as x -«if given s > 0, there exists a 
positive number k such that \f(x)-I\< e whenever x < -k 

Also then we write lim / (x) -l or / (x) l as x -> -®. 

. I • . 
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Function and their Properties 


Example: Show that lim — = lim — = 0. 

Solution: Let s > 6be given. Choose M = l/c . Then 


Examples: Show that 


■x~»0 


28A/I1, (First Floor) Jia Sarsi, 


uzKhas,NearI.I.T^NcwDellil-110dl6,Pli.:(0H)-26537527, Cell; 9999183434 & 9899161734,8588844789 
E-mail: ltfo@dipsacademv.com; Website: wwy;dip$academyu:pni 














































Function and their Properties 


An ISO *001 


Solutions: 

(i) Let M > 0 be any large number. Let 5 = 1 / M 


Tut your Own Wotes 


(ii) Again -6<x<0 => 


does not exist. 


x->0 X 


(iii)Now -5 < x < 8 => 


Hence lim 


Example: Find lim — - — • . L. 

x->» X" +7x + 12 \ \ 

Solution: Dividing numerator and denominator^.., 


x~xox 2 + 7x+12 x-w l + 7/x+I2/ x‘ 


1 + 7 lim (1 /x)+12 Um (l/x z ) 




1 + 0 + 0 


Example: Evaluate - lun . 

x->0 e u * +1 


Solution | ^Veiknow 


It follows that as +<* 




-+ 0 and x -+ 0 - => e 


1, using (A) 


We have lim 
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Kirns, Near IJ.T, New DeU+110016, Ph.: (011+26537527, . 
E-mail: lnfo@dip 5 academv.com; Website: www.dipsaeademv.com 

























(First Floor) Jla Sami, Hauz Khas, Near I.I.T., New Delb(-HQ016, Pfa.: (01I)*2653?527, CeD: 9999183434 & 9899161734,8588X44789 


E-mail: info@dipsacademv.com; Website: www.dlosacademv.com 


e Vx -l l-e~ Vx 1-0 

and lim ——= lim- — = ~—- = 1, by (A). 

x~>0+ e y +1 *~» 0 +1 + e 1 1 + 0 

e Ux -l 

Hence lim---does not exist. 

x-*o e hx +1 


Example: Show that lim -—= 0. 

*-*l + e 1/x 

Solution: We know that x ~> 0+ => e~ l/x —> 0 , 
and x -+ 0— => e i/x -» 0. 


We have lim- — - —— = 0, 

x^Q-l+ e llx 1+0 

, xe ]lx x 0 A 

and lim-— = lim —--=-- 0. 

.?-+)+1 + e ]/x x -> 0 + e 1/a_ + ] o+l 


Hence lim-— = 0. 

*-+o i + e [,x 


Example: Prove that lim-= 0. \ 

*—*<*> x +1 \ 

Solution: Let /(x) = 1 / (x +1) and let e > 0,be.given; Then 

l / ( J ')“ 0 l = dr < ^ <£ ifjt> 6 c V 

Taking k~l/s. Then, we see that 

—i--0 <e whenever x>k ■=> lim —i+,= oT""' //. . 

* + l ^SX + r^Si^' $/■" 


Example: Evaluate lim — %? 30 ^ .^ // : 

W .tfStaS' I •'/ 

_ , . _ + 1 !-if^ 1 // 

Solution: Let /(x)« 1 /|x|. Let k >0% given and let 5^1/ic. Then 
0 <|x-0| < 5 => |x|<?®,=> |xlpid^=> -if> k ■// ■ ■" : 


fa .// 

Thus, f(x) > k whenever 0 <|x~;0l< 6 =Jfim ~ = qd 

y th* W : 

Example:Eind iim [x], where [x] denotes the greatest integer not greater 


Solution: Right^^^mi® lim fxl= lim fo+*] = 0 
'« *->0+ L J 

and Left-hand limit = uarf [x] = Tim fo-&U-1 

Since right-hand limit * iefe-h 4 nd limit, so lim [x] does not exist 
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Definitions: 

Let ScR be a subset of R and /:5 -> 1 be a real valued function. Then 
we say f is continuous at a e S if any of the following condition is satisfied: 

(i) a e 5 -S' (i.e. a is an isolated point of 5 ) \ 

(ii) a eS' and lim f(x) = /(a) (i.e. limit of / exist at * = a ! -and equal to 

x->-a . 'X'X ^ 

the value of the function) S'r v ^ s ' * 

v, <s *^» . / 

Remarks: 

(a) If any of the condition fails at a point then tte'fqnction' / is said to be 

discontinuous at that point and the point^i^called a point of 
discontinuity of /. \.^ \\ 

(b) If limit point of 5 is not member of ' 5 -•...T^eii”'/ is assumed to be 

discontinuous at that point. , 'V % 

\ >Sw 

Example: Let / R be defined as fix) = sin x. Then at * = 1, / 

is discontinuous function. v*nJN L 

(c) At isolated points, f(x) is said to bS^gtinuous if it is defined there at. 

•.| ' ' . 0- 0/i ? .. 

Example: Let /:[0,l|U{3} defined by /(x) = sinx. Then / is 


xsin 


Example: The function / : R-> R defined by f(x) 


continuous at * = 0 


Solution :We 


Hence, / is continuous, at £ = 0 


Example: The function f%W-+ R defined by /(x) 


continuous at x = 0 


Solution: We have lim / (x) = lim 


Hence, / is continuous at x - 0 
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Example: The function / :®->E defined by y (jcj — i I -i- 
^ - 0 , x = 0 


continuous at x = 0. 


Solution: We have, iim / (x) = lim 


x-»0- r-»0- 1 -f g^ x 1 + 0 


lim /(x) = lim —^ 777 = Hm -^ 7 -—-““ = 0 . (v lim e 1 /x =o) 

X-+0+ x->0+1 + e l x->0+ e 1/r +l 0 + 1 \ x->0+ / 

Also, /( 0) = 0 . Hence / is continuous at .r = 0 . 

Example: Let / be the function defined on R by f(x) =”[>]., for all xel 
,where [x] denote the greatest integer not exceeding x , Then ../ is 

discontinuous at the points x = 0,±1,±2,±3,... and is continuous.at every, other 

• * V, ^ 

point. %-T 

Example: Let / be the function defined on ® as//xj = j x \+[x ], for all 
x g R .Determine the points of discontinuity of 

\ ' V\ . 

Solution: We have, ^ ' 

/ (x) as X+ 0 = x, for 0 <, X < 1 / (x) = X +1, for^^r^T 


/(x)-x + 2, for 2 < x <3;/(z) = x + 3> for ’3«|x<4; / 


f(x) = -x-1, for -1 < x < 0; 2, for -2 <x < -1; 


and so on. 
We have 


lim /(x) = lim (-x-1) 4l%Jim = 0; 

*->o- w < y‘*^ 


^ lim f (x) lim (x+2; 


‘ * 1 £ /W 7 Jfe ( * +2) “ 4; 


lim f(x)= lim (-xfc) =jj3, lim /(x) = lim (-x - 2) = -2; 

X-+-1- x —>—1 + 7 . 7' x-»-14 x —1 

. • % //■■■■ • '''■■■ 

and so on.. 

Thus lim fix)* lim fix) tneZ, 

x->n- x-»n+ 

Hence the points of discontinuity of / are 0, ±1,±2,±3,... 

6.1.1. Second Definition of Continuity 

Let 5cM and /be a function then we say / is continuous at the 
point aeSo for every sequence (x„) in S such that 
{x„>-+a=>/(x„)->/(a) 
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Remarks: 

(i) If we can find two sequences {a„),(b„) in S such 
converges to a but f (a„),/{&,,) converges to different 
is not continuous at x = a. 

(ii) If we can find a sequence {a n ) which converges to a 
not converges at all. Then / is not continuous at x = <x. 

Examples related to above definitions: 

(a) Let /: [0,1] -> R be defined by 


Tut your Own Motes 


otherwise 


Then / is continuous at every irrational r 
discontinuous at all rationals except 0 . 

(b) Let /:[-l,l]->R be defined as,. 

[ x xe [-l,l]nQ c and x =f) 




Then limit does not exist on [-1,0)* so hQtcoiitinuous [-1,0) 

. if 

Hence, / is continuous on (0,l)n^ anB#C* = 0.1 
(c) Let /: R -> R defined by ^ If ^' . t 


in 






[-1 xe®' 

Then,/is not cpptinuousi|any real number, 
(d) Let /:[0,1] -*[0,1] defined by- ? 








Ipl =0 ° r * 6 M n 

Then / is continuous at; all irrational in [0,l] & 0 and not continuous at 
all rationals except®, 

Note: Let f:R-> Iflf a function defined by 


jV.vVt ’ 


ililllll 


' V ' 1*2 W, ^*5 

Where 4> 1 (x),(f> 2 (x)are continuous function on their domain and Sis 
any dense subset of M. 

Then roots of the equation ^ (x)-§ 2 (*)- 0 are on -f P°* nt continuity 

off. 

Also if the roots are repeated then / is differentiable at that point also. 


W& 

S-?'4'-'vr 
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Example: 

(a) Let /: R M defined by 








rr./i'.y-: 


Then / is continuous at x = 1,-1 only. 


Reason: The equation 


Which have only two distinct real roots viz. 1 and -1 
(b) Let /: R ->• M defined by 






Then / is continuous only at x - 0 . i .„!> 

Third Definition of Continuity ^ 

A function /: S 1R is continuous--- at a point iff for given 
neighbourhood F e (/(c)) of /(c) there exist a 6- neighbourhood 
c such that / (£ H F s (c)) c F e (/(c)) i.e. if xhis any.poirit' of S($ V 8 ( 
/(*) belongs to V c (/(c)). \ N S<- 

Types of Discontinuity \ ‘ 

1. Removable discontinuity (simple ^scontinuity): Let Sc 
f :S^-> R be a function. If ? lim ^4^|xist but either /(x) 

defined atx = a or it is defined andTim /(x)*/(a) .Then we 

the function has removabl§(^^qntinuity at x=? a. 

#.//. 

Example ; | ./ 

(a) Let /: IK defined J>y J /V . 










ie discontinuity at x = 0 


Reason, 


smx 


land /(0) = 0 




(b) Let / :(0,])^M : ; ; 4eftoe4;by 

/(*)-* ^ie|X),l). 

Then / is discontinuous at x = 0 and 1. 

Note: This type of discontinuity can be removed by defining a new 
function g as 

f /(x) when x* a 

lim /(x) when x = a 


Then g is continuous at x=a 


8588844789 
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2. Discontinuity of first kind or (Jump discontinuity): A function 
/:£’->■ E is said- to have discontinuity of first kind (or Jump 
discontinuity) at x-a if at this point left hand limit (L.H.L,) and right 
had limit (R.H.L.) both exist but not equal furthermore, 

(i) A function / is said to have a discontinuity of the first kind from 
the left to a if L.H.L exist but it is not equal to/(a). 

(ii) A function / is said to have a discontinuity of first kind from the 
right to a if R.H.L. exist but it is not equal to/(a). 


Note: Jump at (x = a) = lim /(„r)- lim f(x) 


|.r-»a x—>a 


Example: \. 

(a) Let /:R->R defined by /(x) = [x] VxeM 
Then / has jump kind of discontinuity at eyery-a 

. 

(b) Let / :R->R defined by /(x) - {x} "where {a-} is 

fractional part of a. Vf\\ \ Vv 

Then at x = 1 / has jump kind of discontinuity^ : ' 

\\ 

(c) Let / :R-*K defined by f 


1 A > 0 

/(a) = |o a = 0 

-1 A < 0 


SlSm—- 


Then atx ~ 0, / has jump kind er discontinuity. 


3. Discontinuity of second kind^tl^|||d^discontiiiiiilty): A function /(a) 
is said to have a discontinuity^fecon4kind (of mixed discontinuity) at 
x = a, if any of Right hand jiniit or.Left hand limit or both does not 


exist at x-a. 
Examples: 

(a) Let /:M| 


ya., j ^ .// 

x? s<f n(a,a+8) such that 

V 

•=>.. R.H.L. does not exist 

j / v 

=> / has discontinuity of second kind at every ael. 

(b) Let / :[0,l] -y R defined by 

. , sinj— I x?*0 

/(*) = U ) 

0 A = 0 

Then at x = 0 L.H.L. and R.H.L. both does not exist 
=> / has a discontinuity of second kind at a = 0 . 
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(c) Let /: R -» M defined by 




Then / has discontinuity of second kind at 
Reason: We know that 


x->Q-=> e Vx —> 0 and x 0+ => e~ Ux ->0 


.r—>- 0 + 


which does not exist. 


Algebra of Continuity 

“"‘H. 

Let 5cl and f&g real valued be functions on,-.5 e R suppose 

that a eS and f&g are continuous^ a. Then- \ h- ' 

(i) Linear combination of / and g is also cohtinudus'at x = a T.e. af + bg 
is continuous at x - a . 

(ii) Product of / and g is continuous at a\c. continuous at x = a. 


(iii) — (provided g (x) * 0 VxeS) is continuous at x=a 
g 

(iv) |/1 is also continuous at x-a. \ // 

>.a -i 




*$&%. /; {r 

is also continuous at x= a 


X*y& : $!‘y?rx 




Remark: 


HUM 


Example: Let /,g:.g 


LCtions 


Clearly both / and g are discontinuous at each real number. 
But(/+g)(x) = 0 Vxlifis continuous function 
(/.g)(x) = -l Vxel is continuous function 

I — (x) = -1 VxeR is continuous function. 


(b) If / is continuous function at x=a and g is discontinuous function at 


(c) If / and g are twu continuous functions at x = a such that gof and 
fog is defined. Then fog and gof both are continuous at x = a . 
Converse need not be true. 
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Example: Consider two functions / and g defined as/(x) 


Then / and g are nowhere continuous but Jog ana 0 j 
continuous on B. 

Some Important Theorems on Continuous Functions 
1. Boundedness Theorem: Let I = [a,b] and be a continuous 

function, then/is bounded on / . \ 

Remark: Each hypothesis of the Boundedness theorem is needed, we 
can construct examples which show that the conclusion may fails if any 
one of the hypothesis is relaxed. ^ 

(a) The interval must be bounded;. The lurirfo^(x) = x for * in the 
unbounded interval A = [0.«) is continuous butnot bounded on A . 


Example: LeC^:[0,I 


Then/is boun< 


Definitions 


|f l^et Agk and 
I Absolute Maximum on 

:*)>/(x) for allxe A. 

i: Let ^IcR and/:^-> 1; 

it 

n Absolute Minimum on 


ggg|p:i/ : 

-.g T> ; 


i be a function, then 
A if there is a point 


(ii) Absolute Minuti| 
we say that / h<is 
x.eA such that /(x*) < f(x) for ail xeA. 

We say that x* is an absolute maximum point for / 
that x* is an absolute minimum point for / on .4 ,if the^ 

The Maximum-Minimum Theorem: Let I = [a,b] and / 
continuous on I, then / has an absolute maximum and a 


& 9899161734,8588844789 
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Remark. 


ii-ijMn-V-sN;. 


Then / is discontinuous and unbounded 










Example: Let /:(0,i)-»R defined by fix) is continuous on 

x 

(0,1), but does not have absolute maximum on I. 

(b) If I is not bounded interval then result may not hold. 

Example: Let /:[0,co) R defined by/.(*) = x Vie[0,co) 

Then / is continuous on / = [0,os) but does not have absolute 
maximum on / . • \ 

(c) Condition of continuity of f on closed and bounded interval cannot 

be relaxed. i ^ 


Example: Let / :[0,l] R defined by 


m= i 


V 


3. The Location of Roots Theorems, Let /"= f/ b] and /: / —> K be 
continuous on / and if f(a)>.0>f(b) i.e. 

/(«)•/(b) < 0 then there exist a number such that/(c)4= o. 

Remark: .V •' 


Example: Let /: [l, 2| —> M defined by, /(x) = x 

Then / continuous %i. •/= [1,2] but there does not exist any 
c e (l,2) such tHat 

(b) The condifidfiMMfifinuity of //'cannot be relaxed. 
f 18m->R ..definedby 


Then /(-!)/(1)S|, hut / does not vanish anywhere in [-1,1] 

(c) If I = [a,b\ and /:/-»R be such that f(a).f(b )<0 and there 
exist c e (a,b) such that /(c) = 0. Then / may not be continuous. 

Example: Let / -» R defined by 


-1 < x <0 


0<x< 1 
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(d) The converse of the above theorem need not be true i.e. Let 
I = [a.b] and f:I->R is continuous on I and if 3 ce(a,b) such 

that /(c) = 0 then f(a).f (6) need not be negative. 

Example: Let /:[-1,1]K defined by / (x) = x 2 Vxe[-U] • 

(e) If is continuous on [<?,&] and there exist <x,pe[a,fc] 

such that /(a)/(P)<0 then there exist ce( cup) such that /(c) = 0 

4. Bolzano’s Intermediate Value Theorem (I.V.P.): 

Let / be an interval and/: / -> R be continuous on / and if there exist 
a ,bel and k eR satisfying f(a)<k </ (b), then there exists a point 

cel between a and b such that/(c) = k . \ 

’ 5,, .v 

"s • 

Remark: •>. ^ 

(a) The condition of continuity of / cannot be relaxed. ' .,,. 

Example: Let f : [0,1] ->JR be defined as ^ 

v .^ 

\x x G (0,1) N ' 


Tut your Own Notes 


/(*Hi *=° \ x\ 

o -v = i "\>,...“ 

Then / is continuous on (0,1) but not continuous at 0 and 1. 


Also,./U 4<7</( 0 ) = \- 




But there does not exist apk£ e |^~^j«such that .■ f( c ) 4 

/V •*. " •’ •" . 

(b) Continuity of /on [a,6|^iulficient condition for I.V.P. i.e. If a 
function / satisfy the I.V.P* onf f,b\ then it may not be continuous 


. & ft - 




on [a,b]. 




Example ?*#t f$z !5 %f$^e defined as 






I , V V "* * : ' ... 

( LLr) / i :■ , , 

, ^ . Then: satisfy /.F.P but it is not continuous 


SlUiUr- 


(c) I.V.P. is a nectary condition for continuity of a function / on $f| 

[a>] i.e. if a funcloiL/defined on [a,b] does not satisfy I.V.P. on 

\a,b\ , then it cannot be continuous on [a,b] A V ' 

5. Preservation of Interval Theorem: . 

1. Let / be a closed and bounded interval and let be 

continuous on I . Then the set S = {f(x):xel] is closed and 

bounded interval. SlSiiS&fev"'' 

i£., image of a closed and bounded interval under continuous map 

is closed and bounded interval. < 
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Warning: If /: = [a,/;] is an interval and j : / > !R is continuous 
on / , we have proved that /(/) is the interval We have 

not proved (and it is not always true) that /(/) is the interval 

[/(”)•/(*)]• 

2. Let / be an interval and let f: f -> 1R be continuous on / . Then the 
set /(7) is an interval. 

Remark: 

(a) Condition of closeness of / cannot be relaxed. 

Example: Let /: (0,1) —> be defined as 


/(*) = - Vxe(0,l) 

Then f is continuous on (0,1) 


v \ ■"»» • 


But S = {f(x):xe (0,])} Js (T) > cG).. which is neither bounded nor 
closed. ^ ■'%, - 

(b) Condition of boundedness cannot be relaxed> 

Example: Let /: [0,co] -»R be defmed.as. 

V" w., 

f{x) = X V A- € [0,co) ^ S 

Then f is continuous on fO,co) but S = {/(*):xe/} i s 

[0,co), which is unbonded. .■/ ■ 

(c) Image of closed ancf^o?|^ed interval under continuous map / 

is closed and boundediinterval and the interval is where 

t$ *** ‘ 1 1 

m = inf {/(a) :a €^), M -sup{/(x):x€/J 

6. Sign Retainmerit Proper0%^JHmtinuous function 

If a function / is continuous at an interior point c of an interv al \a,b] 

9f 1 1 

and /(c) f 0 0 such that /(a) has the same sign as f(c). 

for every x e (c -8, c 


Remark: » /■/ 

(a) If f is continuous,, at the end point b of [a, b] and f(b)* 0 then 

there exist an interval (£-6,6) such that /(a) has the sign of f(b) j J| 

for all xin (b-hfo^, // 

(b) A similar result hold for continuity at point a . /iC./ \ 

(c) This result can be extended for any subset s of E. 

i£.. If 5cl, and f:S-*R is continuous function at x=a and '0 

/(a) * 0. ’ 

Then there exist 5>0 such that /(a) has the sign of /(a) for all ...... 

xin (a - 5, a + S) n S ' 
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Identity Theorem 
(First Form) 

Le t f be a continuous function on an interval / 
/(*) = (> Vxe/nQ. Then f{x) = 0 V*e/ 

(Second Form) 

If f( x ) and g(x) are continuous on an interval I 

f(x)~g (x) V xe In Q. Then f (*) = g (*)'V * e 7 

Generalized form: Let / and g are two continuous functic 
ScR and f(x) = g(x) Vxe T (where T is a dense subset of 5 ) 


Remarks: 

(a) If / is monotonic on I 
may not be equal. 

i.e. A monotonic function panhayeor 

(b) If f is monotonic and satisfy I .VP 
function. 

(c) The set of point of discontinuity ,of 

function is countable. . \ 

(d) There is no real valued function winch-is 
rational point and discontinuousat 

Some Important Examples: ^ 

1. Let / be a function de|ned oilv 

|/fy)|<!x| VxeR | 

Then / is continuou|g|MO .2 
Reason: Since 0<j/fo)|<|o| Y & 

=>/(0) =$f ! ' 

Let e >0 be 

Consider !' // 

= M <e 

'Take ^ijgten, |j||p)-/(ft)i <e ’ 

Thus, / is c^u^us at - j =0. 

2. Let / be a fi%on defined on R which satisfy the condition 

/(^>') -/W+/W Vjc -> ,fc5 

Then, if / is continuous at a point c then / is continuous at all 
points of E 

3. Let /: R R be a function which satisfy the property 


Then lim 

x~>a 


impMi-Qf discontinuity 
> then it is continuous 


hich, satisfy the condition 


02: ; : : np 


x) + f(y ) Vx,yeR 
a VxeR where c = /(l) 
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4. Let /:R-»R be a function satisfying the condition 

(i) | / (x )j < Jxj Vxel 

(ii) f(x + y) = f(x)f(y), V x,y e R 

Then, /(x) = c x Vx e R, where c = /(1) 

5. If / is a continuous on K and any of the following conditions are 
satisfied then / must be constant function. 

(i) /(x) = /(mx)VxeK,|mj^l,/fteR 

(ii) f(x) = /(2x + l) V x e R 


(iii) /(x) = f{x 2 j V x 


Xs- Xx,*. 




Fixed Point: Let 5cl and /:S ■ > R be}a'any fiinction. Then 
a f .S’ is said to he a fixed point,of / if * 

X \\ \ 

Remark: > 


(a) Fixed point of y- f (x) are the poipt of intersection of the 

curve y = /(x) & y = x. \ ,y' ■ ■ 

(b) If h(x) = f(x)-x , then the zferoes of’^Ttre the fixed point of / 
i£., number of zeros of A “is^equaHomumb^rs of fixed point of 


fc'V'". • i ; 


Example: 


■ v. // ' • , 

(a) The function f :R ~ {0) X.M defined by fAx) = 2x +—sinx has no 


fixed point 


Reason: Define a function h as 


h(x) = f(x)-x 


since Arithmetic Mean > Geometric Mean 





x+->: 

x 


x +■—- sin x > 2 - sin x >1 
x 


xh—— sinx 9^0 V x 
x 


x+— #sinx V x 
x • 


Thus f has no fixed point. 


■t ■ > ,<V77 


MM mm 
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be a function defined by /(*) 


(b) Let f:F,-+W defined by /(x).=x+sinx 

Let A = {iel//(x) = x} . Then card (T) is countably infinite 

Reason: Let us define a function h as 
h{x) = .f{x)-x 


= sinx+x—x 


X \ \ 


Then h (x) = 0 V x = n% where n&'L 

Thus, card A is countably infinite. x v 

V X'V?' 

(c) Let /: R -> M be a function defined as / (*) = / 

has no fixed point. X. 

Reason: Since the line y = x and y = / does^not intersect 
anywhere. \ \_ \ v 

(d) Let /: E-{0}->M be a function defined as 

/ (*) = |log 2 | x 11 V x e R - {0}. ' 

\ "x 

Then / has 1 fixed point. V 

Reason: Since the line y = and- i ^ = /(x) intersect at exactly 1 

P 0illtS - \ 

8. Fixed Point Existence Theojpm W 1 / 


Fixed Point Existence i neorpn 

If f :[a,b\^-[a,b] is a contmupu^iuiiction. Then / has a fixed point. 
i.e., 3 Xq.€ [a,b] suchthat^^^ f J 

f '% A // ■ - 

Remark: 

(a) Condition bf closeness cannqtibe relaxed. 

£x«ropte; Let /:( 0 ,l)-g 0 ,l) function defined by /(x) = x 2 . 
/ Then ^,|^|nfi|||u v s onf 0,1) it does not have any fixed point. 

(b) ^^pofboiiH&ess of the interval cannot be relaxed. 

Example: Let f K bd/a function defined by /(x) = e x . Then 
/ is continu8%^|k butj/ does not have any fixed point. 

(c) If domain and ra||e a?6 not equal then function may not have fixed 

point . 


Then / is continuous on (0,1) but does not have any fixed point. 

(d) If f :[a,b)-+[c,d] is a continuous function where [c,d]^[a,b] . - . - - 

Then / must have a fixed point. " 

Reason: Take the restriction of / on [c,d ]. 
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(e) This theorem gives only the existence of a fixed, point, i.e., if 
'\f i\a,b\-*\a,b\ is a continuous function then f may have 
countably infinite, finite .uncountable numbers of fixed point. 

(i) Let /: [-1,1]-»[-!,!] be a function defined as 


/( 4 = 


xsin — if jc ^ 0 


has countably infinite fixed points. 


if x = 0 


(ii) Let /: [—1,1] —> [—1,1] be a function defined as /(x) = x 2 has 
two fixed point. 

(iii) Let /: [-hi] ->[-*1,1] be a function defined as /(x)-x has 

uncountable numbers of fixed point. \ "'X \ 

Result: If / is differentiable on 1 & |/'(x)J < a <T; (where •/'(*) 
denote the derivative of /'), then f has at most one fixed .point. 

6.5. Uniform Continuity ’’Nn Ssi 


A function / defined on an interval / is s'aid,.to v be uniformly continuous 
on I if for each e > 0 there exists a 5 > 0 such • • 


|/(* 2 )-/(*i)|<e > for arbitrary points x^xy.of Kfor which |x,-x 2 |< 
Note: The uniform continuity of / on arbitrary setrS can be defrn 


Note: The uniform continuity of / on. arbitrary set-’5 can be del 
replacing the interval l by S. \ \ 

Example: The function /(x) = x/(xxQ^ l^uniformly continuous for 
xe [0,2] ■■ \ 

... ‘.T ; ^ $>■'"?"> J 

Reason: Let x,y be two arbitrary points in [0,2]. Then x> 0 ,y > 0 . 

=>jt + 1>1 and y +1 > 1 ” .? /■' 

V‘: 

•\ 'v IV-V - X'. •* • • 

=>(x + l)(y + l)£l 

?' V *• *>•. ‘ K W \ *« 

Let s > o be given. Taking 6 = e, we get / 

|/{ 1 ^,whenever <8 Vx..-»[0.2] 

Hence, M|is'.Uniformly continuous in To, 2]. 


defined by 


Example: Let . Then / is uniformly continuous on every 

closed and finite interval but is not uniformly continuous on R . 

Example: The function ' : f(x) =-\lx 2 is uniformly continuous on [a,oo[, 
where a > 0, but not uniformly continuous on ]0,°c[. 

Example: The function /(.r) = sinx 2 is not uniformly continuous on [0,oo[. 

Example: The function /(x) = Vx is uniformly continuous in [0,1]. 

Example: The function f (x ) = sin— is not uniformly continuous on ]0,oo[. 

X 

Example: The function /(x)=l/x is not uniformly continuous on ]04[, 
but it is uniformly continuous on [a,oo[ , where a > 0. 
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6.5.1. Non-Uniform Continuity Criterion 

' Let / c R and let /: / -> R . Then the following statements are equivalent: 

(i) f is not uniformly continuous on I. 

(ii) There exists an e 0 >0such that for every 5>0 there are points x 5 ,u s 
in / such that |x 5 - w 6 1 < 5 and |/(x 6 ) - / (« 5 )| ^ £<> • 

(iii) There exists an s 0 >0 and two sequences (x„) and (w„) in / such 
that lim(x„ ) = 0 and \f(x„ )-/(«„)|>e 0 fora11 

Application: We can apply this result to claim that f(x)=\/x is not 
unifonnly continuous on / = ( 0 ,co). For, if x„ = \fn and. w„ = 1 / (/? + 1), then 
we have lim (x„ - u „) = 0, but jg(x„) - g ( u„ )j = 1 for all u e N 

Result: A function which is uniformly continuous ...on an -interval Js 
continuous on that interval. .V'X.. 

Note: Converse of the result need not be true. 

, \.V 

- \ ^ J 

Example: Let f: (O.l) -» R be a function defined "as ,'/(x) = -. Then / is 

\ X>x x ; 

continuous but not unifonnly continuous on (0,1)... ^ ' \, 

6.5.2. Uniform Continuity Theorem \ 

Let / be a closed and bounded interval arid lete/„;X R be continuous on 
I . Then / is uniformly continuous on I ' 

is uniformly 
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Alternative solution: The function X 

continuous for x e [0,2] ^ 

• f 

Here f(x) is a rational ftmcti6j^d' sb% 
number other than zeros of |biil^|omi^t6r 
But x + 1 = o => x = -1 , which does not belo 

continuous on the closed irifetyal [0 ? 2]. 

Since every function wluch is coiitinuQus in a closed interval is also 
uniformly continuous in thlift^tefvairWfollpws that /(x) = x/(x+l) is 

uniformly continupus3^||ft|| ; . * // 

Lipschitz Function C&f 

Let /!cR and let /: A -»•$ be a function if there exists a constant K> 0 
such that |/ (x) -/(«)]<$jx-i/J for all x,ueA. Then / is said to be a 
Lipschitz function (or tb satisfy a Lipschitz condition) on A . 

Result: If /:/-»R is % Lipschitz function, then / is uniformly 
continuous on /. 

Remark: 

Converse of the above result need not be true, ie., A uniformly continuous 
function on the interval / may not be Lipschitz function on / . 

Example: Let g{x)=-Jx for x ir» the closed and bounded interval /-[0,2] 

. Since g is continuous on I . Then g is uniformly continuous on I . 
However, g is not a Lipschitz function on I . 


28A/I1, (First Floor) JiaSarai, Hauz Kbas, Near New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734,8588844789 


E-mail: lnfo@dipsacademv.ctim: Website: www. 



£NE( 

RATINE LOGICS | 

An ISO 

i 9001: 

2008 Certified Institute 























Continuity 






Continuous Extension Theorem 

Lot . •/ = (a,b) be an interval. Then, /:/->M is uniformly continuous on 

/ if and only if it can be defined at the point a . and b such that the 
extended function is continuous on [a,b] 


Tut your Own Motes 


Application: The function defined by f(x) 
continuous on (0,1) 

Reason: Since the extension function g : [o,l] -> R defined by 


is uniformly 


xsm 




ism 


wZg* *x 


is continuous on [o,l] 


Some Important Sufficient Conditions For Uniform Continuity 

1. If / is continuous on R then it is uniformly ’ continuous ■ 
interval of finite length. But not conversely. 

Example: w A function f (x) 


»us on every 

interval of finite length but not uniformly continuous, on r . > 

2. If / is differentiable on [a,b] and derivative oK'K is bounded. Then 
/ is uniformly continuous on (a,b) 
this by LMVT). 

Example: A function /: (0,1) -> R 
continuous on (0,1) but derivative's 

3. If / is periodic on r and continl 

continuous on R. /L- ; . 

4. Graph of a function is pardllelpo " 
continuous on its given domain. 

5. Graph of / is parallel to y-axis (or fluctuate) then / cannot be 

uniformly continuous cm ikgiven domain//" ' f . 

- T _. . J" ff 

V? If . / is. continuous on [a,b6)^ (# e R)- and limit at co exist finitely. 
Then / is uniformly continuous ori’^oo). 

^ / & ,tnufo^^||5^it|nuons & (b,c) and" continuous at 

x continuous -on ( a,c) 

Result: Let Tr tfcly be'||nniformly continuous function on / and (*„) 
be a Cauchy sequenJ§Jn J^Thenjl^xc}} is also Cauchy Sequence. 

Remark: ' ‘ £/_ jv’’ : .* 

(a) This result tells us t|fa|. iq^ge 6f a Cauchy Sequence under uniformly 
continuous map is Caucly sequence. 

(b) Uniform continuity 4=> boundedness i.e., A uniformly continuous 
function may not be bounded. 

Example: A function defined by f(x)=x. 

(c) Continuity + boundedness 4> Uniform continuity i.e.. A continuous 
bounded function may not be uniform continuous. 

Example: A function / :R-*R defined by f(x) = sin^x 2 ). 


ied lis /(x)==->/x is uniformly 


mm 




/Then it is uniformly 




is then f must be uniformly 
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Algebra of Uniformly Continuous Functions 

Let / and g are uniformly continuous functions on the interval / . Then 
(i) a/ + pg is uniformly continuous on /, Va,fleM 

bounded functions. Then f.g is uniformly 


(ii) If / and g both 
continuous function. 


is uniformly continuous on 


(iii) If f( x )>k> 0 V x e / where fteK. Then 


Remark: 

(a) Condition of boundedness of / and g cannot be reiaxedih,(//) 

us consider functions /,g,:R ^%<Sefih : 

V x e R. . V/'; "'-n.,. 


Example: Let 


Then both / and g are uniforml y,,po ntinu 

is not uniformly continuous on k . 

(b) The condition f(x)>k> 0 cannot be relaxed in (vi 

Example: Let us consider a functions-,.^^0, 
f(x) = x V.ve(0,l) • Then 

1 V 1 V> s 1 

: (0,1) —> IR which is defmed^as = - 

continuous fi 

... //. 


-»-A. 




_> R defined as 
continuous. But 


is not uniformly 








SiSKt Jy’i 








ll/iitTsp 


IllilMiijl 

; !y;.y, v v:> <!■. v 


Wmm. 
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CHAPTER 7 


differentiability 


Definition 

Let / be a real valued function defined on an interval [a,b] i.e., 
/: [a,&] R. Let a < c < b. 

(i) Left Hand Derivative: The left hand derivative of a function / at 
x-c , denoted by Lf'(c) or rfc-Ok- is defined as 


provided the limit exists:' - 


(ii) Right Hand Derivative: The right hand deriv&H^ofWUnction f at 

defined as 


denoted by Rf‘ 


Rf'(c)= lim 

x-»c + 

(iii)If Lf'(c) = Rf'(c), we say that the function’ 
common limit is called the derivatiye“ofS 


provided the limit e; 


s derivable at x-c. The 

f .( • . 

j t=c and is denoted by 


f'(c ). Thus /'(c) = lim 

(iv) If Lf'(c) f Rf'(c), we say thatthe 
Example: A f . 


is nbt derivable at x-c 


(a) Let us define /: R 


differentiable at 


/function defined 


is differentiable at 


(c) Let /:R-»function defined as /(x)«|3t| + |x 
Then / is not differentiable at at = 0,3, 

(d) The function /(x) = r|cc| js derivable at the origin. 

Reason: Wb have : '***' ■ 


a £/'(o)=/r(o)=o 

Hence /'(0) = 0 
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Differentiability 


.. • 


is given to Tut your Own Notes 


(e) The function /. defined by /(*) = ^ ? 

be derivable for every x . Find a and b . 
Solution: Since / is derivable for every x 
x = 1 and hence, / must be continuous at x 
continuous at x = 1. 


/!-*• o 


Again, / is differentiable at x 


b-a + bh-2 




Since b = 5, so (l) gives a =f 


7.2.- Geometrical Meaning of^|g|eriy^ive 
Let /:[a,6]-->R be derivable at • 

; • : representation of ^fim<|^g = /(4 • We$ 

P[cj(cfi and curv ’ 

PQ and produce it to meet the x -akis kff . L 
. x -axis. Draw&i^g^^r a# which ma! 
; Draw^^^^^^^^^peipendiculars 
,, the x~axi?Ms6"'<fraw i^^perpendicuiar from 
QH = QN-HN = QN-PM~f(c+$-f(c) an 

PH -MN = ON~OM ={£$-h)-c = h. 


Hil 
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ISgS 


i 






yJsrttM''»•?•' 

Iism 


J &«&£»: 






iir-^&fiRA 




/ is continuous at c 




exist finitely at x = a. Then / is differentiable on [a,b] 
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.-.■ Slope of PO = tan9 = = /( c + / 0 /( c ) 

P// h . . 

From the figure, we see that as k -> 0, the point O approaches the point P 
along the graph of / and, hence, the chord PO approaches the tangent line 
PT as its limiting position. Thus, as h -> 0,9 -> y . 

tan\j/ = lim tan8 = lim ^ f{ c \ = ft A, 

Q~>P h—*0 h " v ’ 

Showing that f{c) is the slope of the tangent to the curve y = f{x) at the 
point (c,f(c)). 

V 

Note: If there is a sharp edge in the curve then at that point f is not 
differentiable. \v,. 


Remark: ^ v ‘'n s ^ 

1. Continuity is a necessary but not a sufficient condfimn 'tox the existence ■ MflifS: :l®li8KisS|S 
a finite derivative. .'•/ 4 

be., every differentiable function is continuous.hht-c.onverse need not be 0: PNfpNN’W) 


i.e., every differentiable function is continuous bhhconverse need not be 
true. // 


i, r! \ _ rt \ 

Proof: Let / be derivable at the point c,, so‘that; lim J \ c l exists. 

' x ~ >c /' X-C 

We have f(x)-f(c) A J 

X — C *■*»*). 




lim/(x)-/(c) = /;(M^0 

x-K K , 


lim/(x) = /(c) S 


Thus, continuity is a? 


nebbssa^pondiiibn for differentiability but it is not 
i.for the' existence of a finite derivative as shown in 
j^Sus/the converse may not be true. 


x, x> 0 


Example:'lMPfOoQ d|jihed by/(x)- |x| == j ’ 

Then / is continuous,:!! 0, but it is not derivable at 0. 

2. If at x = c,/ has Lefi Mand’Derivative and Right Hand Derivative both 
(may or may not be equll)' 

Then / is continuous at x=c. 

3. If /:|a,6] M such that f is differentiable on (a,b) and Right Hand 

Limit of exist finitely at x-b and Left Hand Limit of 

x-b 


* 







































7.3. Algebra of Differentiability 

Let / and g are two differentiable functions at ce5cl. Then 

(i) q/' + pg is differentiable at c V a,(3e E 

(of + p g)' (c) = of' (c) + pg' (c) 

(ii) (f.g) is differentiable at c and (fg)' (c) = f(c)g (c) + f (c)g( c ) 


Tut your Own Motes 


is differentiable at c 


Remark: 

(a) Converse of the above result need not be True. 
Example: Let /: R R, and be dc 


Clearly, / and g are not differentiable at.;/= 0. But f+g,f.g 

. \, 

are differentiable at x«0. , - 

(b) Above results can be extended ror Siufe- numbers of differe: 
. functions (By induction). g- VSw ' 

(c) If / is differentiable on S d;j 
f±g cannot be differentiabl 
f.g is not differentiable on S 

Result: Let /:[a^->R be a dj 
point of [a>b] 

/(*)> /(c) V x , ,/M f 




and' g " is not differentiable on 5. Then 
on 5 . Also if /U) ■' 0 V.xzS , then 

m "‘V y i 


function. If c is an interior 
|ffte/'then 3 5>0 such that 
/(c)|'x€[c-5,8], 

fi-f 

> 0 suclf that f(x) < /(c) V x e [c,c+5] 
































Differentiability 



Note: If g is derivative of any. function / then g satisfy I VP. ^ 

Remark: 

X. If / is derivable in \a,b\ and f[a )* f'(b). then for each number k 
lying between f'{a ) and /'(£>), 3 some point ce(a.b') such that 
f(c)=k. 

Reason: We are given that f'(a) <k< f{b) ...(l) 

Let g{x) = f{x)-kx Vxe[a.6]. ...(2) 

Since, / is derivable in [a,b\ and kx is also derivable in [a, 6] , 
therefore, by (2), g is derivable in [a,b]. \ 

Now g' (x) = /' (x) - k ••-(3) 

=> /'(c)-* = 0, by (3) 

Hence, f(c) = k V~ 

2. If / be defined and derivable on [c,6], f\a) =} h (^ = 0 and f\a) and 
f(b) are of the same sign, then / musrvanislip^.t feast once in (a, b ). 

Reason: We are given that / (a) = 

Since f (a) and. f (b) are of the •pme^si'^we may take 

, f{a)>0. and f'(b)> 0. 

Now/'(«) >0=>3 some 6j yy^^t // . 

f(x)>f(a) = 0 Vx g 

Ag ^ lf,{b)> M 3Si 

/(r)>/(6)=l“Vi 

y ? 

- ■ Thus f(a + b 1 )>0.^^f(b ^f|) < 0./'.■ ...(l) 

i • /;./■ • 

Obviously^ fa +i l ,b-$ 2 ]c:[a,b\jj : • -( 2 ) 

Since / is'derivable:'; in [a$] , f is continuous in [a,6] and 
consequently by '(2), /.is cortCmupus in [a + 5j, b - 5 2 ], where f(a +8j) 
and f(b~S 2 ) are bteppposyte signs, by (l). Thus, there exists some 
c <= ]a+%&.- 5 2 [ c ]d, 4 ,.sddh that /.(c) = 0 . Hence / must vanish at 
least once in ]a,b[«... 

3. If / is derivable on [a,b],f (a) = /(6) = 0 and /(x)^0 for any x in 
(a,b) then /'(a) and/'(£) must have opposite signs. 

Reason: Let , if possible, f'(a) and fib) be of the same sign. Also 
f(a) = f(b) =0. Then, there exists some ee]a,M such that /(c) = 9. 


>0 such that. 
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This contradicts the given hypothesis that /(.*) = 0 for all x in \a,b\. 
Hence f'(a ) and f(b) must be of opposite signs. 

4. If / is derivable at a point c, then |/| is also derivable at c, provided 
/(c) ^ 0 . However result may not hold when f{c)~ 0. 


5. Let / :[-l,l]-»R be defined by /(-r) = 


0,-1 <x < 0 
1, 0 < x < 1 


Then there does not exist a function g such that 

g'{x)^f(x)yx e[-U]. 

Reason: Let, if possible, there exist a function g : [ 1,1] > 1R such that 

g’(x)=: /(x)=J° 7_1 ~*“° >. . .‘-x. 

JK ' (1, 0 < x < 1. _ \;W.\ 

It follows that g is derivable on [-1, i]^, hnd“'‘‘-.-.g' (-1) ¥ g' (1) 
['•’/(- 1 ) = 0 andg'(l) = l] . \\ \^ <* 

\' . 

=> g must assume every value between 0 and 1 . 

[••• £'H) = 0 md s'W = 1 ] y 1 ^,. X \ 

\ “’V.,. 

But this is impossible, since g'(x) = l; V x'e;]0J.[ J 

% ’S 

Hence there does not ex;sL x ahy 6 :-»fiinciion g such that 
g'(x) = f(x) Vxe[-l,l]. 


Local Maxima & Local /•/ . 

Let /:/->■ R and c be an interifeSint of the interval I . Then 


Safe. 

m. 


1. /(c) is said to be a local maximum value of the function /, if there l 

8 %. % /■/ ■ . ■ ■ 

exist some ...^neighbourhood (c-6,c-bS) of c , such that ■ 

f(c)>f(x) W$x g(<|^, c+than c and c is called point of 


local maxima. 


/ value' of-the function /, if there exists 

scn^pliQ^pbourli^lf ]c-8;c+§[ of c , such that 
/(c) < /(xf 4||L<= ]c-||c+ 6 [ other than c and c is called point of 
local minima. '4;iL m /if - 


3. /(c) is said to be aiffxtren$e value of /, if it is either a maximum or a 

. , F% /i 

minimum value. t /'. 

4. Point of inflexion: An inflection point, point of inflection is a point on 
a curve at which the curve changes from being concave (concave 
downward) to convex (concave upward), or vice versa. 

Example: Let f(x) = x 3 . Then (0,0) is point of inflexion of /. 

Note: For /(c) to be an extreme value, f(c)-f(x) must keep the same 
sign for every point x other than c in some neighbourhood of c. 




. - 


• . 
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Interior Extremum Theorem: Lei c be an interior point of the interval I 
at which /:/-> & has an extremum. If the derivative of / at c exist then 

/'(c) = 0 

Remark: 

(a) This theorem is applicable only on interior points of the domain. 

Reason: Let / ;[0. l] -> A be defined as /(x) = x . Then at x = 0. / has 
minimum value 1 and at x ~ 1, / has maximum value but neither point 
is a zero of the derivative of f. 

(b) Converse of the theorem need not be true i.c., if f'(c ) = 0, then / may 
have neither a maximum value nor a minimum value. 

Example: Let / : [0,1] R. defined as f(x) = x 3 . Such that /-'(*) - 3x 2 

Then /'(0) = 0 , x - 

; ‘‘OX. 

V. V \ 

But f has neither a maximum value nor a minirnuttn value at x = 0. 


(c) A function may have maximunTor a mfriimum value at a point without 
being derivable at that point. v 


Example: Let us define a function f (x}~ | x[V ! 1 

Then / is not derivable at x = 0 but / has themmimum at x = 0. 


(d) Let /:/->& be continuous on an interval A and suppose that / has a 
relative extremum at an interior poW^*c^-rThen either the derivative 
of / at c does not exist, or it is equal to’zprp. 

Results: A // ' , 


1. If a function / is conti nuoukin§[C6] such that 

(i) f (x) > 0 V x g ]o, b[ ,then /%‘s increasing in [a, b ], 

y / / ■ 

(ii) /'(x)<0^e]a,^|^icn / isfdecreasing in Fmther if/is 

defined in%,6] and a <S%^|he% 7 


(iii) f'(c ) > 0 =>f is increasing in JcBj.c+Sjf for some 8j > 0. 

: . - . 

.(iv||^^p^^p%^^|p a singin ; |e-82,c+52[ for some 6 2 >0. 

2. First derivative test for Extreme values 

Let a function /.'.be derivable in a neighbourhood of c , where / has an 
extreme value at c/ffien /(c) is a maximum value if the sign of f 
changes from plus toJ&inu$.4nd /(c) is a minimum value if the sign of 
f changes from mihus tp plus as x passes through c. 

Applications: 

Example: Examine the function x 3 -6x 2 4-9x-4 for maximum and 
minimum values. 

Solution : Let / (x) = x 3 - 6x 2 + 9x - 4 . Then 


/’(x) = 3x 2 -12x+9 = 3(x 2 -4x4-3) 
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ot/'(*) = 3(jc- 1)(*-3) 
/. /'(x) = 0 for* = 1,3. 
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Thus f(x) changes sign from plus to minus in going through x = 1. 
Hence the function has a maximum at x = 1 and /(l) - 0 is a maximum 
value of /. 


Thus f'(x) changes sign from minus to plus, in gping through x = 3. 
Hence the function has minimum at x = 3 and../(3W~4 "is a minimum 
value of /. / <v 




3. Second derivative test for extreme values \\ 

Let / be derivable on an interval ]c - e/ + e[-and let f(c) = 0. 

(i) If /'(c) - 0 and f(c) < 0, then /, has ^tairnum value at x - c . 

(ii) If/'(c) = 0 and /"(c) > 0, thb|i > minimum value at x-c. 

Example: Find the maximum and Ihrfhimum values of the function 
/(x) = 12x 5 -45x 4 +40x 3 + 64|^^| : // : ‘ 

Solution: We have //. . 




••fejri: 


iSii? 


.■ ' |7. 7 .• 

The extreme,values of the function //are given by /'(*) = 0 


iviiVAiif. 






Now f{x) 


\xr +20x 




a minimum at x = 2 


and /"(l) = -60 < 0 => / has a maximum at x = 1. 

Since /*(0) = 0, we find out the third derivative. We have 


/" (x) = 720* 2 - lOSOx + 240 => /*(0) = 240 * 0 


So / has neither a maximum nor a minimum at x - 0 
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J. .V, 


m \a,b 1 such'that 
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Minimum value — /(2) -10 . 

Maximum value • /(l) = 12-45 + 40 + 6 = 13. 

Remark: 

(a) Let /(r) = x 3 VxeR . Then /’(0) = 0 and /"(0) = 0 , but the 
function / has neither a maximum nor a minimum at x = 0. 

(b) Let /(x) = x 4 Vxel. Then /'(0) = 0 and /"(o) = 0. Clearly, the 

curve y = x 4 is symmetrical about the- y -axis, passes through the 
origin and lies above the x -axis only. Hence the function / has a 
minimum at x = 0. 

(c) Let /(x) = -x 4 VxeR . Then /'(0) = 0,/%0) .= 0 ’'-and / has a 


maximum at x = 0. 


4. Let / be a function defined on an interval 
f(c) = r(c) = ... = r-'{c) = 0 and 


(i) If n is odd, then / has neither a 


urmnor a minimum at x = c 


(ii) If n is even, then / has a maximum 
has a minimum at x = c iff^fc^lf? 


t x=c if f n (c) < 0, and / 


7.5. Mean Value Theorems 
1. Rolle’s Theorem: 


Let / be a function defir 

$ 5 %. 

(i) / is continuous on [ 


(ii) (a?b) is 

(iii) /'(a) = /f|^ B if .. 

Then 3 ce(a,b) suchthat /0 = O. 

Geometrical interpretation of Rolle’s Theorem: 

Let A and B be the points on the graph AP X P 2 P 3 B of the function 
y~f(x) corresponding to x-a and x = b respectively. Then, 

geometrically, Rolle’s theorem asserts that there is at least one point 
between x=a and x = b, at which the tangent to the curve of the 
function, is parallel to x -axis. In the figure, we have shown the 
possibility of three points P h P 2 and P 3 where the tangent is parallel to 
x-axis. 
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Remark: 

(a) This theorem is useful to produce the zero of derivative of the 

function. . 

(b) A non constant function satisfy the conditions^af Rpjre s theorem 

cannot be monotonic. v\X ^ 

(c) This theorem tells us that between ^o’''d|sti.nct zeros of a 
differentiable function / there lies a zero bf / 

s theorem cannot be'relaxed. 


(d) Third condition of Rolle' 

Example: Let /:[2,3]->R be defieda^ >(x) = x. 

Then / is continuous on [2,3], and differentiable on (2,3) but 
Vg( 2,3) such that f'(c) = 

... Infact Rolle’s theorem fails tolteJ^^M for Junction which does 
- not satisfy any condition of lhe fo^rem. 

(e) This theorem only giveslhdtestenpe oJ 
fimction. i.e., it'may^H^d^that 
finitely many or infinite zeroei| 

(f) The condition of : Rolle 
necessaryfor / r ^ to vai 




only sufficient but not 




0 when 0 < x < 1 

/■ . We 

x+1 whenl<x<2 

/(x) ii discontinuous and not derivable at 
xpfs not /continuous on [0,2] and f(x) is not 
derivable dl||, |$>,2) ,Lj Also f (0) * /(2) but / (x) ~ 0 

Vxe[0,l]c[0,M . 

? % A\,v=/ ' 

Lagrange’s Mean Valtieifliepfem (LMVT) 

Let / be a function defined on [a,b] such that 

(i) / is continuous on [a,b] 

(ii) / is differentiable on ( a,b ) 


Example ,; 






Then B ce (<*,&) such that 
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Remark; 
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steg-r 


(a) The c obtained in LMVT need not to be unique i.e., it may be finite 
or countably infinite or uncountable 

(b) The collection of such c is non empty. 

(c) LMVT is obtained by Rolle’s theorem. 

Geometrical Interpretation of Lagrange’s Mean Value Theorem: 

Let A and B be the points on the graph of the function y = /(x) 
corresponding tor = a and x-b respectively. Then the coordinates of 
A and B are and (b, f{b)) respectively. 

Now, the slope of chord ^2? = [/(fc)-/(a)]/(6-a). \ 

Since f(x) is continuous on [a,b] and differentiable' on -]a,b [ / figure 

shows that there is at least one point between ,4 land the tangent at- 
which is parallel to the choid AB . 






If * c ’ be the abscissa of P, then stbp^o? tangent at P is f(c ). Since 
chord AB is parallel tangent / at P 'we have 

[m-fW/(b-a)=f(cf^% jf 

Thus, interpreted geomeliicanyy Lagrange’ s mean value theorem says 
that the tangent to the graph y = /(*) at soihe suitable point between a 

and b is parallel to tpflgd joining-the points on the graph with 
abscissa a anfe. . // 

3, Generalized form of Lagrange’s Mpan Value Theorem: 

If a function / defined in [a, a+h\ is such that 

, % ■ / 

(i) S^ifi^J&uous i®ga+/r)// ' 

***$raSw ~ 

(ii) / is derivable in }a,a + h[ 

Then there exists some 0e]O,l[ such that f(a+h)-f(a) = hf'(a + §h) 
Some useful deduction! from the Mean Value Theorem: 

(i) If / is defined and continuous on [a,b\ and is derivable on ]a,b[, 
and if f'{x) = 0 for all x in ]a,b[, then f{x) has a constant value 
throughout [a,b\. 

(ii) If /(*) and g(x) are both defined and continuous on [a^b ], and 
are derivable, on }a,b [, and if f[x) = g'(x) Vxe ]a,b[, then /(x) 
and g(x) differ by a constant on [a,b\. 
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(iii)If /' is continuous on 
increasing in [a>b]. 


(iv)If / is continuous on [t 
strictly increasing in [a,b] 


(v) If / is continuous on 
decreasing in [a,b\. 






Bllti. 


Let e > 0 be given. Then, weohppse 


g|g||f§ 






;hows ? fhat f{x) = 0 Vxe 


Since c is any point on 


it function. 


lorem: 


4. Cauchy Meia^p 
Let / and g be 

I rak ^ •: 

(i) / and g are cohiuc# in [«,&] 

(ii) / and g are derivable in (a,b) 

(iii) g’(x) * 0 for each * e (a,b) and 


.$§§$ 




Actions defined on [«,&] such that 






















Differerifiablljifv 
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Higher Order Derivatives 

We know that the existence of the derivative f of a function / at a point 
c implies the existence and continuity of the function in a neighbourhood of 
c. The derivative of the function f at c (in case it exists), is called the 
second derivative of / at c and denoted by /"(c). Evidently, the existence 
of /"(c) implies the existence and continuity of /' in a neighbourhood of 


Higher order derivatives can be similarly defined. The derivative of f n 1 at 
c (in case it exists) is called the nth derivative of / at b and is..denoted by 


f"(c)- Nss...,"- 

. \ 

1. Taylor’s Theorem with Lagrange’s Remainder ’. "’V*, 

If a function f defined on fa,£7 + h] is such that ' 

■ v\ s - 

(i) The (n-\)th derivative f" 1 is continuous.ih;{a,a.i Aj, 

(ii) The (n-\)th derivative / M-3 is deriyable'insja,a : 4- h [, / 


then there exists some 0,0 < G < 1, such t 


f(a + h) = f(a)+hf'(a)+-—f n (aV 


R n =—f(a + Bk). 


W* 1 | 

2, Taylor’s Theorem with fcauchy’s Remainder 
If a function / defined on : fa, a + h |l is such that 


f n \(a)+R n where 


[Lagrange’s Remainder] 
mainder 


(i) The (n-ipi- derivative /"/^contmuous in [a,a+A], 

• (ii) The («- \)th. derivative f* 1 is derivable in- ]a,a +/*[, 
then :;there e^sts some .0,Q:< 0 < 1 such that 

■" / • h 2 //’" . ^ 

f(a + *) = /(a)+kfi a )Xff a) + . + _£L r -. (a)+i?n , Where 

[Cauchy’s Remainder] 

3. Maclaurin’s Theorem (With Lagrange’s Reminder) _ W ; 

On taking a-0 in Taylor Theorem, we get Maclaunn’s Theorem, 
which may be stated as follows: • • 

If a function / defined on [Q,£] is such that 

(i) /"~ 1 is continuous in [0,/?], . I:■ :: " 
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(ii) f n 1 is derivable in ]0,/z[, 

then for each x in [0 ,h ], there exists a real number 0 between 0 and 1 
such that 

/(,.)=/( o )^'( o ) 4 /'( 0) fe+ (^/"' 1 (°) + rr /" 

(Lagrange’s remainder) 




/(x) = /(0) + x/'(0) + r T /'(0) + ... + ^/^( 0 ) 

+7-%(i-0r‘/"( te ) 

k 5 ) ! 

(Cauchy’s remainder) 

Indeterminate Forms Os^S-^ 

We shall now discuss the evaluation pflirnits oLfun^ons generally known 
as Indeterminate forms. They are not indeterminateJ>ut have acquired this 
name by usage of the word. \ 

\ \ \ 

In general, the limit of when ; in.case;the limits of both the 

vM \ XX 


functions exist, is equal to the limit of the numerator .divided by the limit of 
the denominator. But what happens wherivhoth these limits are zero? The 

division - then becomes meaninglesS?%A^ case like is known as 

0 \ .\V /J. 


Indeterminate form. Other such#t*orins, v .are—, Ox 06 , 00 -^O 0 ,! 00 , and oo° . 

k °° /f • ‘ " " 

Ordinary methods of evaluating^M^' limits are/of little help. Particular 
methods are required to evahpe 3 %sejmits. Jli shall now discuss these 
particular methods, generally calle&lL’Hospital rule, due to the French 
mathematician L'Hospitai.: j ff ^ . 

It should, however, be clearly understood, that in what follows, we do not 

, iffSfe 

find the value of - or of any ofJhebther indeterminate forms. We only find 

/ 0 _ ; f-f. • ■ 

the Hmits^l^p^^^^^lJl^un^tions .Miich assume these forms when the 


L’Hopital’sRullll^ /f 

If f and g be two fwij|j!is such that 

(i) lim /(x) = lim g (x) ft% //. .... 

x-ta x-*a -> % ■ : 

(ii) /'(x),g'(x) exist and g(x)?*0, g'(x)*0 Vxe]a-“ 8 ,a + 5[,8>0 
except possibly at a, 

f'( x ) 

(iii) limX-f exists, 
x->a g (x) 

Tien 

^ag(x) *->*g(x) 
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Note: If Iim^7 : ~ does not exist then lim—may exist. 

g (*) > M z{x) 

r , r jt t sinx , . j-t-cosx 

For example: Iim--1 while hm-does not exist. 

^■x-cosx *-***1 tsinx 

Remark: It may happen that is ~ form. In this case, we can 

g (*) 0 

extend the L’Hopital’s rule as follows: 

v f( x ) i- /'(*) v f( x ) 
x-* a *-*« g (A") *->a g (x) 

where /' and g' satisfy the conditions of L’Hopital’s rule. 

This rule can be generalized as follows: . \>sl 

If fix) and g (x) are functions such that lim - represents the 

-v ; 


indeterminate form — and the fuhctio 
conditions of L’Hopital’s nile, then 

.. /(*)• f'(A / W M 

Inn lun—7-— = ...= lim -- ■■■ v . 

*-*» g{x) x->a g (x) x-*a g\ n ) 

Examples: 


- .. l-cosx 2 1 

1. lim ——- = —. 

x -~>° x 2 sin at 2 . 


( ! ) p)rW V > 'H x ) satisfy the 


Solution: We have 


1-cosx _ ijco. 
x 2 sinx 2 .... 'fx? 


Since lim—^h- = l, lila %2i£=%n£') 

^sinx 2 f5> ^ UJ 


■7r«nr^ ^ Pfe 

= Hm 2xsmx_ I 

4* 3 

= lim —Mjjg 

2 Jflplj fiilL, 2 ' -J 


2 lim tan:c ~ :t - — 
x ~*° x 2 tan x 3 


(by L’Hopital’s rule) 


-> v a -l log a Mk 

3. hm - - — -» where b*\ ■. 
x->o b x ~l logb / 

Solution: The given limit is 0/0 form and so 

) im £zl =lim £j2i£ = i28fi. 

1 x->0 b X \o%b log6 

(1 +xf*-e+—ex n 

4. Ital-__—2— = it£. 
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Solution: Since lim (l +xy x = e , the given limit is 0 / 0 form. 
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Before we evaluate the limit, we find the expansion of (1 + x 


1 + a , where a 


•.+ terms containing 


Examples of the Indeterminate fori 


5. lim -—— does not exist. 
x-»0+ log sin x 

Solution: The given limit is ao/g 
t . 

we have w 


iorm. ByiLTIopital’s rule for <®/co form. 


cotx 


lim 

x-»0+logsinx 




is ooM» form. ■ Such a form can be reduced to 


Solution: lim-r^J 

- x-»o+v* sm xj, 

0/0 or oo/cb form. Now* 1 


smx-x 


cosx-lf 0 


x-»0+ 


1 4* 

f x x 2 

\ 

i 

2 ^ 

X X 

+ .^J 

I T 

n? + T- 

J + 2! 

f2 + T-j 
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Solution: The given limit is 00-00 form. We have 


I-sin a* f 0 


Solution: The given limit is 0. » form. We can write ifas 


The Indeterminate Forms of the type O 0 ,l co lan3b©^v" 




To evaluate lim f/ (x) p‘ , ■ U, 

x-ya 1 - J \ 

where lim /(x) = 0,l or to and lim g(xfet^oo 


We write y = [ 

=> logy = g(^)log/(x) ;/ 

=> lira logy * lim [g (x). log 

x~*a x-*a 

The R.H.S. can be reduced to the form 0/0 or co/oo, which can be 
evaluated. Suppose lim [g(x):iog/(x)t= /. '' 




Solution: The 


iSmi 


SO tha|%)g y shut log cot x 


1: _ log cot X 

liiii 1 ' '-- 

x->Q+ cosec X 


lim logy= lim sin x log cot x 
■*-> 0 + x->o+ 


WOW All/ Wl. 

lim--- 

a~>o+ -cotx cosec x 


cosec x 
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sin x' 

VCOSX 

cosx. 
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x -» 0 + 


tanx 


Solution: The given limit is l x form. 


tanx 


tan x 


so that logy = — log 


xsec x-tanx 


lim logy = lim 

x->0 ” x->0 


tanx[ 0 


sec 2 x + 2x sec 2 x tan x -see 'x 


4xtanx+2x sec x' 


sec x + 2 sec xf secy- 


sec xtanx 


2 sec 2 x + sec 2 x\,2x sec\x tan x .3 


x 2 tan x + x sec x 


lim logy 


tanx 




; j.! !*J*» (. : 


ipife 

liMfd'Szr 

mmmm 


j: 


Solution: Let y = (l +x) 


lim logy - lim 

x->0 x~>0 




Jflljgi 


lim logy = log. 






'here ke R 


i lVrt* i; ^So-.e.-lv 






13. lim(l+sinx)‘ 




■cotx 


Solution: The given limit is l 30 form. Lety = (l + sin x)' 
log y = cot x log (1+sin x). 


+smx 


lim logy - lim 


,cotx 


Hence lim y = e = e or 


+ S1DX 
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Convex Set 

A; set S of real numbers is said to be convex if x,y e S, le (0,1) implies 

Ax:+(l-X) . 

Convex Function 

Let Set be a subset of R. Then a function / :S ->R is said to be convex 
function. If for any x u x 2 eS , /(^x,+(l-X)jc 2 )<X/(x 1 )+(l-^)/(x 2 ) , 
where X g [0, l] i.e., Image of convex combination of points of S < Convex 
combination of images of corresponding points. 

Example: Let /:R->R be a function defined as f(x)~x 2 . Then / is a 
convex function. 

Reason: As (xj -x 2 f >0 zx> xf +x 2 > 2x^x 2 => 2xf +2a| >'(x| -f- x 2 f 


A'i + X-) 


i) + f{ x 2)) - 


Concave Function 

I.et S c R be a subset of R. Then-'a fimetiojn M is said to be a 

concave function if for x { , jr 2 ''e S 

f(Ax l +(\~X)x 2 )>Xf(x^)+(l-X)f(x 2 ), .wher^^e^Od] i.e.. Image of 

convex combination of points of S> Convex combination of images of 
corresponding points. A./\ 

Note: \ \ 

(a) The condition of convexity is equivalent t<Hhe geometric condition that 
the cur/e is below (may be identic^ in%eqjal case)’ the segment joining 
any two points of the graph ofthe coKyqx^function!/; 


(b) For a concave function the cbSnTshquld lie below The graph. 

(c) Convexity and concavity are ge^etric^haracters of a function. 

(d) It is not always easy tq|iit'im^% ; |SVhether a function is convex or 

concave. But for differentiable function we shall derive a simple 
criterion to determine thi& But clearly if the tangents at every point of a 
curve lies belowicurve, the curve iis convex and if the tangents lie above, 
the curve is cdlpave... . j.j 

(e) A function may be convex on one part of its domain while it is concave 

or linear on other parts. ff ' 

(f) If / is a convex function then -/ is concave function and conversely. 

(g) Coi^lM-|tihction is et&fbave as $611 as convex (infact any straight line 
is convex as %ej| ; as cqflbave function) 

Result: A differentiable: function ? f:S->R is convex function on S 


Result: A differentiablevfunction f:S-~>R is convex function on S 
<^f(x )>0 VxeS '%M ff 

f"f J " 

Result: A differentiablevifunction /:5->R is concave function on S 
o/’(a)< 0 VieS ' - 

Note: Differentiability is not a necessary condition, i.e., a non differentiable 
function may be convex 

Example: Let /:R -»JR be a function defined as f(x)~ | x | VxeR 
Then/(^ +(1 -'A)x 2 ) < If (x r )+(l-^)/(x 2 ) 

( v \hc Y + (1 - X)x 2 1 < X\ Xl \+ (1 -X) |x 2 1) 
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Definition 

Integration is concerned with the problem of finding the area of a region 
under a cure. 

Let us start with a simple problem: Find the area A of the region enclosed 
by a circle of radius r. 

For an arbitrary n, consider the n equal inscribed and-, super-scribed 

triangles as shown in Figure 1. ^ 


Figure 2 


scribed and super-scribed 


Since A is between the total areas\of 
triangles, we have 

nr 2 sin(• —1 cos f—l < A < nr 2 tanfeW 


x M for 1 <i<n. Let / be a 
a partition P of [ a,b], we 
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ttk'immn Integral 






The numbers V{P,f ) & L[P,j) arc called upper and lower Riemann sums 
for the partition P (see Figure 2). 

Since / is bounded, there exist real numbers m and M such that 
m< J (x) < M, for all x <= [a,b\. Thus for every partition P, 

m(h-])<L(PJ)<U(P,f)<M(b-a). 

We define 
IT 

j f(dx) = \nW(PJ) ...( 1 ) 

a 

b 

And J f(dx) = $upL(P,f). \ ...(2) 

a X - 

— N-«., \; v v. v 

(1) and (2) arc called upper and lower Riemann integrals of / over [«;/>] 
respectively. V\ H ’"- 

If the upper and lower integrals arejegual, wp-say That../ is Riemann 
integrable or intestable. v ^ 

In this case the common value of (1) and (2) is.calledithe Riemann integral 
of / and is denoted by J/ dx or J/(jc) dxS^-^X " 


Example 1: Consider the function /: [0,l]w> R defined by f 


/(■jj = 1 and f(x) = 0 for all x «= [0 ,i}n|^\^ // 

Then / is integrable. We show rfiis usjng |he definition as follows. For any 
partition P of [O.l], i(P,f) is always 0 and hence the lower integral is 0. 
Let us evaluate the upper infgafef^{x,,x 2 ,...,x„} be any partition of 


Let us evaluate the upper infgal/Cef^Mbe any partition of 

1 ! 4 \ ■ ■" 

[04] and — f° r Then U(P,f) <2 max A Xj. Since we can 

always choose a partitiony/ such thm,maxAx / is as small as possible, the 

^ . r- T '•)/ • 

upper integral, which is the infimum of U(Pj"js, is 0. Hence, / is 


Example 2: Not every bounded function is integrable. For example the 
function •••;; ; 

/(*) = 1 if x is rational ifiid 0 otherwise 

Is not integrable over any interval [a,b\ (check this). 

In general, determining whether a bounded function on [a,b\ is integrable, 

using the definition, is difficult. For the purpose of checking the 
integrability, we give a criterion for integrability, called Riemann criterion, 
which is analogous to the Cauchy criterion for the convergence of a 
sequence. 

Let us define some concepts and results before presenting the criterion. 
Throughout, we will assume that / is a bounded real function on [a,b\ 
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Definition: A partition P 2 of [a,f>] is said to be finer than a pa. 
PD » In this case we say that P 2 is a refinement of P,. 
partition P, and P 2 . the partit.on P,uP 2 = P is called the, 

refinement. 

The following theorem illustrates that refining partition mere 
terms and decreases upper terms. 

Theorem 1: Let P 2 be a refinement of P x then L{P y J)<L 
U(P 2 J)<U(P u f). 

Proof: First we assume that P 2 contains just one more point 
this extra point be x*. Suppose x M <x*<x,., where x,-l 


lower 


Then Hi >m ( and w 2 >«,- wncic m { -»^ \ \ 

l(p 2 j)-l(P\- f) = "i (•'• * -*i-i) * "' 2 (*i ~ x *P m ‘ F* 7y?~ 1 ^ 2 °' 

If P 2 contains k more points then we repeat this process k- times. The 
other inequality is analogously proved. (Proye it)., x 

The geometric interpretation suggests that the lower integral is less than or 
equafto the upper iSegral. So the next resulus also anticipated. 

Corollary2: j f dxi) f dx. 

Proof: Let fl.ft be two partitions and let P be thdir common refinement. 
Then asa# 

iSR.f)<i\r.f)<v{p,f)<(iU)- 

Thus for any two have ~ UM 

F ix P 2 and take sup over all fl. Then f fJx<U{P 2 ,f). Now take inf over 

all P 2 togctfhe'desi^^fe * ff 

MM. 3: Jji.no, ft. / " "“a* 1 " “ 

r„ (.1 ~ for every c > 0 there exists a partition P such that 


Therefore (3) implies that 
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o n r~—: ————— ■■■■;■■ 

Hence J fdx-.-j fdx i.e. f is integrable. Conversely, suppose / is Put your Own ibfotes 


integrate and e>(). Then there exist partitions P x and P 2 . Then 
U(Pj)-L(PJ)<e. 

The proof of the following corollary is immediate from the previous 
theorem. 

Corollary 3: Let /:[«.b]~>R be a bounded function. Suppose (/>) is a 
sequence of partitions of [a,/?] such that the sequence {||/> f |} converges to 0, 
and U(P„.f)-L(P n ,f) -»(). then / is integrable. 

| I ‘NS.'; 

Problem: Let /:[0.l]->R such that f(x) = \n ‘ Show that / is 


integrable and find jf(x)dx. 


Solution: We will use the Riemann criterion td^how that / is integrable on 
[0,1]. Let g>0 be given. We will choose Wcgjfition P such that 


V( p >f)- L ( p '.f)<s- Since theri&ts N s'iich that'l/»e[0,e] for 

all n > N. So only finite number of —f-4i^s ifo|he~mterval [e.l]. Cover these 
finite number of -s by the intepgjg [^^c 3 ,x 4 ]{/.\x m _ x ,x m ] such that 


x, e[e,l] for all and fhg^Shm of the length of these m intervals 

is less than e. Consider th^paifition . 4 = {jt, ,x 2 ,...,x m }. It is clear that 
U(P,f)-L(P>f)<2s. Hence by the Reimann criterion the function is 
integrable. Since rtHei lower- integral is 0 and the function is integrable, 

jf(x)dx = 0 . ' ' 


0 and the function is integrable, 


We fpnintegrability to prove the following 

two existfiend& theorems. /V. 

Theorem 4: If / 'll-^ntinudds on \d>b\ then / is integrable. 

Proof: Let s > 0. SmcigQps uniformly continuous, choose 5 > 0 such that 
}s-?|<8 => |/(j)-/(r)f<8 for s,t€\a,b\. 

Let P be a partition of [a, bf such that A x,- <8 V i = 1,2,...,«. Then 
M i -m i de Vz = l,2,...,ra. 

Hence 


/ -mi) Axi < s(b-d). 


This implies that / is integrable. 
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Theorem 5: If / is a monotone function on [o.hjthen / integrable. 

Proof: Suppose f is monotonically increasing (the proof is similar in the 
other case) 


Tut your Own Wotes 


Choose a partition P such that Ax t - 
rrij = Therefore 


< e for large n. ' 

Hence / is integrable. s V 

In the following problem we will see that limit and^infegral cannot be 
interchanged. ^ 


Problem: Let 


prove 


lim f g„{y)dy = - whereas | lim g„ (y)$T= 0.^—* 

2 o n -*" > 

'**‘&*" aa * > // ! 

Solution: From the ratio test for sequences we-ean. show that lim ■ 

• • • i // , . :■ n ~>oo 

, " f , M*P 0^- i / 

for each 6 < y < 1. Therefore J 0. . // 


8.2. Quick 


fir RilMpn Integrabiiity 

|ljjunct||l f ipf Riemann : integrable on 


2. Every bounded funchori need not be Riemann integrable. 

3. If M,m are bounds of a bounded function / over , then 
m{b~a) <L(P,f) < U(PJ) < M(b-a ). 

a jr w \ f°» w hen x is rational , ' 

4. it fix) = < . . .' , t is not integrable on any bounded 

(1, when x is irrational 

interval but /(*) bounded. 

5. Every constant function is integrable. 
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•: 


lglHI 

gpllg 


13. Neces: 


6. Let / be a bounded function on [«,b]and P a partition of \a,b\ - If P* 
is any refinement of P , then 

(i) U(P*,f)<U(P,f) 

(ii) L{P\f)>L{PJ) 

7. Let P* be a refinement of P containing r points more than P, where 
P is a partition of [a, b] with norm p{P)<8 and j/(x)j < k\/x e [a,&]. 
Then 

(i) U{P\f)>U{P,f)-2rkb 

(ii) L{P*,f) < L{P, f) + 2rk8 

8. If P } and P, are any two partitions of[o,b], then L(P x ff) < U (Hi/) i.e. 
an upper sum can never be less than any lower sum/ 


9. If M , mare the bounds of an integrable function;/ over [a,b \, then 


m (/? - a) < J/ dx < M (b - a ). 




10. If / a bounded function on [a,b] then ffor^acli^M) there exists £>0 
such that \ ’V— .// 

(a) U{P,f)<\fck + e .jb/H/'./)> J/Vw 


For all partitions Pof [a,6]wi 

• ; ; ; / f 

11. If / is continuous and integr| 

dying between a and b such 

f 

\ 

12. If / is bounded and integrabl 

* Ife. 

then J fdx <k\b-a\ k> 0. 


ft: L- ? 

, then there exists a number 


b f dx={b-a) f(c). 


a,b\ such that|/(x)j < k Vx e \a,b \, 


ary ;; and sufficient ^condition for the Integrability of a bounded 
to'eVery £ > 0 /there corresponds S > 0 such that for 


every partition Pof \^p\\vi\hp6jmfi(P)<d, U(P,f)-L(P,f)<s. 

14. A necessary and sufficient condition , for a bounded function f to be . 

integrable over [a|jj is that lim w(P,/) = 0 , where w(p,f) is j 

1 % if 

oscillatory sum of [a, b%P mMMHHk 

15. Every continuous function on [a, b\ is integrable on [a, 6] . IflHHHSpiP 

16. An integrable function on [a, b\ need not be continuous function. ' -•'•/ i 

17. Every monotonic function / on [a,b\ is integrable on [a, b\. KpS(Jr ia ' * 

18. A bounded function / having only finite number of points of 
discontinuity in [a,b\ is integrable on [a,b] 
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19. If a function / is bounded in \a,b\ and the set of its points of 
discontinuity has a finite number of limit points, then f is integrable in 
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20. If a bounded function / is integrable at [a,b] implies / is also integrable 
on [a.c] and [c,6], a < c < b and [ / dx - £ f dx +£ f dx. 

21. If / is bounded and integrable on [c,c],[c,b]fhen/ is integrable over 
[ a,b ] and [ / dx = [ / dx + £ f dx . 

22. If / and / are two bounded and integrable functions on [a,b], then 

(0 /+/ is bounded and integrable 'xpri_ /[a,,6j and 

J*(/ + fi)& = £/ + J* / k : "'" v 

(ii) / -/ is bounded and integrable-on ^ [a,b] and 

I “(f ~.f 2 ) dx = f / dx-\ b f^dx . ■' 

Ja *- <7 >’0 v ' , *v \ 

\ \\ 

23. If / is integrable on [u/], then / 2 is also integrableon [a,b]. 

24. If / and / are both integrable on [a,fr] /then’ // is also integrable on 


25. If / and / are two bounded andymtegtable functions on [a, b] and let 
X> 0 such that (/ (x)\ > A fteall , then 4 is bounded and 


integrable on [a,b]. 

jpifej..«« 

26. If / is bounded and integrable on 

l b \ 

integrable on M andJf§j|id < f*]i 


mm 


then |/|is also bounded and 




msm 


27. If J/|is integra’ 

28 - A fisitittii 


W&r3\ 


illM add integrable on [ a,b] and there exists a 
/“ 1 J 

I/on [a,b\ , and \j dx = F(b)-F(a). 

29. If / and g aref|nteg|p>le on/[a>&] and g keeps the same sign over 
■ | a,b\ then there exifjgli number /j lying between the bounds of / such 

that f a f gdx = j/J* g £ : l // . 

30. If \ b 6 dx and fg eft both exists and <f> is positive and monotonically 

Ja Ja 

decreasing on [a,6] , then there exists a point ge[a,b] such that 
fydx = <p(a)£gdx. 

31. If f b fax and f^geftboth exist and / is monotonic on [a,b\ , then there 
exists some £ e [ a ,b] such that J* fg dx = /(a)J^ g dx + f(b) g dx . 


i&ifv-v 


ich that 1 
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32. If/ is a non-negative continuous function on 

then /(x) = 0, Vxe [«,£]. 


33. Let/be bounded integrable on [a,b] then | [/(x)]’<£t = 0<=>/(c) = 0 
at every point c of continuity of /. 

34. If the function / and <p are bounded and integrable in [a,b] then 

<£[/(* )] dx.j^ [>(*)] dx and equality hold only if 
/ & g are constant. 


35. Let / be integrable on [a, 6 ]and for each xe [a r 6 ],let F(x) = f ' f(r)dt 
then F is uniformly continuous on \a,b\. 


36. If / is bounded and integrable on 


{a < x < b) is continuous on 
then F’ = /. 


nuous on 




8.3. Improper Integral 


Integral 


Definite integral 


te integral 


I Improper Integral 


Proper Integral 


if [( 2 , 6 ] If either of a or b is co or-oo 


Finite & /(x) is bounded,on \a,b\ such type of integral or a & b are finite 
but f{x) is unbounded is always convergent. 

Introduction 

In the chapter of Rierr 
under two assumptions 

(i) The intervall of integration was required to be a closed & bounded 
interval. 

(n) The integrand was required to be bounded on the interval. 


the theory of integration was developed 


these restrictions. If these restrictions are relaxed we have the 
following two type of integrals, called improper integrals or infinite 
integrals. 
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Ricmann integral 


(a.) Improper integrals on a finite interval where the integrand is 
unbounded. 

(b.) Improper integrals on an unbounded interval. 

Now we define convergence of improper integrals & discuss the 
properties of each type separately_ 

A. Improper integrals on a closed & bounded interval, the integrand 
having infinite discontinuities: 

Point of infinite discontinuity 

A point x=a is called point of infinite discontinuity (P.I.D.) if 
™/(*)=+ oo or -cd. 

1. Convergence at the left end point 

(i) Let the left end point V of the closed & bounded interval {cijb] be 

the only point of infinite discontinuity of a function /(x) which is 

bounded and integrable on [«+€,/>] for every e satisfying 

0 <e<b-a. . V\\Ss. 

V \ \ \ " 

The we say that improper integral J /(xjrfe exists, or converges at 


Tut your Own Wot# 


exists 


that limit on R.H.S. 


exists 

If the limit does not exist, we s v ay4^f Improper integral ^f(x)dx 
does not exists or is divergent. . r / 

Example (i) : f f(x)dx=\~dx: here ’O’is the only point of infinite 

Jo J 

discontinuity of the integrand. \ //; 

The intergfand is bonded & integrable on [0+e,l] : for all e 
satisfying 0<c <l. 


'“♦•aw*.- 


el 1 

mtegral —dx is divergent. 

,<i. 3 ?X’- 


The integrand is bounded and integrable on [0+e,l]; for all 
satisfying 0<e<l. 


Therefore, the improper integral f 1 

J 0- 


■dx is convergent & 
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2. Convergence at the right end point 

Let the right end point 'b' of the closed & bounded interval [a,b] be the 
only point of infinite discontinuity of a function f(x) which is bounded 
& integrate on [<7,b-e] for every esatisfying 0 <e<b-a . 

Then we say that the improper integral \ b f{x)dx exists, or converges at 
^ exists. 

Thus , £ f(x)dx^ m ^ £ f(x)dx; provided that the limit on R.H.S. 


exists. 

If the limit does not exists, we say the improper integral 
not exists or is divergent. W, 

° > '^v \ 

'• r \ ’ 

Example: > ( ■- 

N*. 


(i) The integral impfopB^>^& >^s\"point of infinite 

discontinuity of the integrand. \. 


Clearly, the integrand is bounded ajifljntSbprtJfcAn [0,!-e! for all e 
satisfying 0<e<l. \ 




Therefore, the improper integr, 


r ., f i i • ■■ 

w Jo" !" z ’ * 1S a P omt , of infinite discontinuity of the integrand. 
V l—X 


Clealy, the integrand|is bounled & integrable on [0,1-e] for all e 
. satisfying 0<g<1 J ;/ ■ 

to ('-* ^ jfe]3m vy-Sk^^TC 

: ”fp = i; 

Therefore, the improper integral j ~-- ^dx is convergent & . 

3. Convergence at the both end point ; - 

Let the end points a^be^he only points of infinite discontinuity of a | 
function f{x) which is Bounded & integrable on [a+e^-e 1 ] for every I 
€,€' satisfying 0<e,e'<6~a. 

Let cbe any point such that a<c<b . If the improper integrals and 

\ c f(x)dx both converge at V & 'b' respectively. Then we say the ^ ; ' f 

improper integral £ f(x)dx converges &write • • 

/VW^=JVW^+JVw^. V;I -f - 
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Tut your Own Notes 


lnsHliili 

ISiftf® 




p gg| 




Example: f"—==L= is improper integral , since 0&2 are points of 
J \x( 2-x) 


infinite discontinuity of the integrand. 

Clearly, the integrand is bounded & integrable on [0h-g,2-g'] for allege 
satisfying 0<g2,0<g'<2. 


Jo+e L-fn 6 - +0 L V /J(,+ = 


x(2~x 


x(2~x 




Therefore, P-, 1 dx is convergent & f 

Jo x(2-x^ Jo 


—^ dx- 71 . ■ 

x(2-x) XO r 


4. Convergence at Any of the mid point: \ ^ V x - " ... 

Let a point c(a<c<b) of the closed & bonded interval [a-^] be the only 
point of infinite discontinuity of a function /(x) 

If the improper integrals £/(x)^x&f^ both convergent 

according to the definitions given abovetythen the s improper integral 
f(x)dx is said to be convergent & we.wnite 


\ x. 

£/(x)^x-Jy(^+jV(>V A ' \ ,N \.. 

Therefore, if both the limits ® XiStS 


If the improper integral J^/(x|&is cdhvergent, its value is also equal 


to the symmetric limit ^ 0 . £ f \%)dx +^ • 

■ A /V ' eb , v 

Note: It may happemthat the improper integral j o f(x)dx is 

divergent but the limit “ 0 , [+£/(*)&] exists, then 


this symmetric limit'is called the Cauchy, principal value of the 

impibper iiitegral [ f{xjdx and if is denoted by p\ f{x)dx. 

'*mA, W$ a , ■■ 

I $»$]• f s' j J 

IvfJSulL H x *° 


Example: f f(x)dx; where fix}- 


x . 

0; x=0 


Here > 

- lirn . logG +^ 04 (-loge') & this limit does not exist if g-» 0 + ,g'-» 0 + 
independently. 


But u ™ 

e->0 


[x)dx+ J f(x)dx (log g— log g) =0 


1 1 

Therefore, the integral J f(x)dx is divergent but pjf(x)dx= 0. 
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B. Improper Integrals On An Unbounded Interval: 


1 The improper integral J f(x)dx ; where / is integrabte on [a,t\t > a and 

a • • 

co f ‘ • • 

, J/(x)^x= li ^ xi J/(x)dx; provided that limit exists . 

a a 

If limit exist finitely then the improper integral J/(x)<ixis said to be 

a 

convergent. If limit does not exist finitely then the improper integral 

Xr 

J f{x)dx is said to be divergent. 


Example: [/(x^x^ \e~ x dx=^ J(l -e~ r )=1 


\SL 


Therefore , je : dx is convergent &\e X dx= 1. ’"X, 

Similarly, J— c& is divergent. \ 


2. The improper integral J f(x)dx ; where yjs integrable on [f,b]; t<b& 


x]dx= r 'H^ f f(x)dx; providedlh^t limit exists. If limit exist finitely 


then J" /(*)&'is convergent otherwise. J7l x ) is said to be divergent. 


3. Convergence of the improper’mtegi 
on [t v t z ]^,t 2 ejjguch fsijg^ • J 


; where / is integrable 


let "ceR . If both: tfei^nteipls^^ be convergent 

'P* . 

according to 'the;defihifion I & II above, then the improper integral 

® -v , . /;/ r 

sai3|||pa be/V convergent & we write 


j/(x>&=}/di|tf'w 


Example: j ——^dxf; tl% Integrand is integrable on any closed interval 

-<C ' 

a I 60 1 . 

f-rdfr+f-7c6r;aeR. 

il+x 2 ;i+x 2 

j_^_-tan _1 d-tan -1 (tan -1 a-tan " 1 f)=tan ~ 5 o+—' 


15b 
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is convergent. 


Comparison Test 


'x:t 2 -^g(x)dx be two improper integrals whore 


(i) / and g have only P.I.D. at x=a 

(ii) / and g are non -ve 

(iii) f(x)<g(x);Vxe[a>b] V'^"" 




(a) If jg(x)</xis convergent then J/(x)^x : is' i «Qnvergent. 




(b) If J f(x)cix is divergent then 


IlSillii 


2. Now if >oo then all the result is samEefor J f(xjdx: , K : 

Limit Form Test of Comparison Test: 

\y; • f: 

1. If /.-j/(.v)*:/-4s(.x)*bc two improper integrals 

define on [a,h]&x=fns ohly.point ofinfmite discontinuity such that 

" , ■■ ■■■ ~ 

■ (i) ff 


lliil 


Where f,g are 


•V,>" 




(finite & non- zero) 


6r diverge together, 




Note: If ^=0 & \g{x)dx convergent then J f(x)dx convergent & if 

a a 

b b 

t-oz & Jg(x)<& divergent then J f(x)dx divergent. 
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Results: 


dx is convergent if P <1. and is divergent if P > 1 


dx is convergent if P > 1 and is divergent if P % 1 


dx is convergent if P< \ and is divergent if P > 1 


Example: J 


sinx smx 




dx is convergent if P - 1 < 1 


sinx 


convergent if P 


By limit form test: lim 

- r ->0 


Hiaves 


smx 


is convergent foi 


1>1=> p >2 => Divergent if p>2 

: l x p 


is divergent For p 


Absolutely convergent: -The improper integral 


absolutely convergent if the integral 


Definition is same if a->-<x> 
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. The improper integral which is convergent but not absolutely convergent in 
called conditionally convergent. 


Put your Own Motes 


is defined on 


Example: (x) 


lx convergent 


=>(/(*)<£* is A.C. => j f( x )dx convergent 

V. x 

Test for Convergence of the Integrals of a Product: , \? .J; 

'N"' >Va 5^, 

1 Let a function / be intertable on [«,jtyVx>a &.the integral j/(x)* 

’'*<«*. a ■ 

is absolutely convergent & a function ^ b^punaed, on M & 

\ • V v< vj Vix ^ 

integrable on [a,A];Vx>u. % "x, \,_\ 




Then the integral | f{x)J(x)dx is absolutely convergent. 

2. Abel’s Test: 




(i) a function ^be monotonic & 




>e cdnyergei 


(ii) The integral 


Then the integral |/( v)4v)rfv is conventent. 

3. Dirichlet’s test: _ fStjg^ J X 

bd on [a,°o]& 

0 

•be bd on |a,Z];Vx>a 




(i) a function ^be nionotbriie 








x)dxm convergent. 


Example: J : 


glMgllllli 




is convergent 


9999183434 & 9899161734,8588844789 
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Cauchy - Maclaurin Integral Test: If / in a monotonic diseasing 

./ ^ ...f imhiTii 

function on [l,cx>] & /(x)>0 Vxe[l,oo] , then the improper integral \f(x)dx 

’ 1 Vivfjv;T J:Vv_j. V 

& the infinite series ]>]/(x) converge on diverge together. . • 

i ; “■:' ■: :y 

i . 

Beta Function: The integral jV" -i (x—x)" 1 dx;m>0,n>0 is called the Beta ; . /,'/.) 

function & it is denoted by ' v'”v ||| ||§f §|i|| 

Thus, (1-x)” 1 dx;m>0;n>0 \ v; .;•••/ 




V>:. ' - "'V. 


The improper integral Jx m ‘(l-x)" *dx is convergent if m>0,«>0 . 


* ~***r 

N, " 'V . 

s>.. l 

■**■*,,. W... . 


Gamma Function: The Integra 1 s.. JPx" i/x;/? xO 'is called the gamma 
function & it is denoted by |(x). \ XA. •// 


__ co 

Thus, (x)=J e~ x x n ~ l dx;n > 0 


The improper integral je x x nA dx is con\ergent;if n > 0 / / 



Result: J 1 n ■ / fo(m>0,w>( 

0 X 

convergent if 1 < n < 2 . 


J’ 


/it 0<n<2 & absolutely 




£m J$t&| 


The improper integralijsinx^^ll^conycfgent if p> 




The improper integral, | . '--* dx is corivergent absolutely if p>l 


'?sinxf 

• The improper inte^hl ——dx convergent if n+m>\ 

o x ~ 

//-Test: Let a be t%|6nly point of infinite discontinuity of a function 
/which is integrablexon ,[</+€,&] for 0<e<b-a & /(x)>0; Vxe(a,6] 

/ ^ ■' . ■<> ■" ?■ 

if ^/(x)(x-af =■£;(£*0) then J f(x)dx in convergent iff //<1. 

.a 

Note; If /(jfyb-xf-t ; where l is a finite non -zero no. then 

b 

\f\x)dx is convergent iff //<1. 



■lip;] 

wssmfmssBBBm 
, *; .vxX xv % 

Xpp'-i 
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Definition 

Previously, we have studied sequences of real numbers. Now we discuss the 
topic of sequence of real valued functions. A sequence of functions {/„} is 

a list of functions (/j,/ 2 ,...) such that each /„ maps a given subset D of R 

into R. .*s. \ 

1. Pointwise convergence 

Definition. Let D be a subset of R and let {./;,} be h sequence of. 
functions defined on D. We say that {/„} convenes point wise on D if 

lim f n (x) exists for each point a- in D.^ \X ,> 

‘ . 

If {/„} is pointwise convergent theri\the-'-function defined by 
/(*) = lim f„(x) : for every x in D, is called the pointwise limit of the 

U . ) \ V‘>- 

Example 1; Let {/„} be the sequence^of Junctions on R defined by 
f n (x) = >tx. This sequence does nqt cbm^efcge pointwise on R because 
lim/„(*) = » for any x>0. , HiSw 






Example 3: Consider the sequence {/„} of functions defined by 


T1X + X' 






mm 


lumber we have 


SolutioM 


lim f n (x) = lim* 


R~»oci n ) \ n —) 

‘ ' f - 

Thus, {/„} convergii;pomtwise to the zero function on R. 


sm(nx + 


forall x in R. 


Show that {/„} converges pointwise. 
Solution: For every x in R, we have 
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Moreover, 


Applying the squeeze theorem for sequences, we obtain that 
lim /„ (x) = 0 for all x in K. 

Therefore, {/„} converges pointwise to the function / = 0 on R. 

Example 5: Consider the sequence {/„} of functions defined by 
f„(x) = n 2 x n for 0<x<I. Determine whether {/„} is pointwise 
convergent. 

Solution: First of all, observe that f n (0) = 0 for every-« m,N- So the 
sequence {./„ (0)} is constant and converges to z.erhy - Now -suppose 
0 < x < 1 then n 2 x n 






ln M. But ln(x) < 0 whe'h O < x.< 1, it follows^. 


lim f n (x) — 0 for 0 < x < 1 

Finally, f n (1) = « 2 for all n. So, lim (!) = co.' K Therefore, {/„} is not 

\ ^ v v. 

pointwise convergent on [0,ll. y 

\ 

Example 6: Let {/„} be the seguence^pfJunctions defined by 
/,( x ) = cos "(x) for Discuss' the pointwise convergence of 




r'i ^ re; w: k 


Solution: For, 


we have 


mm 


0<cos(x) <1. 

It follows that 
lim (cos(x))".§t 


ifpsijfc 




c&gf. 


|gp|ip 


/I-KB 


Moreover, since 

The 3iiiftM 






Example 7: 


ie sequence of function defined by 


Show that {/„} converges pointwise to the zero function. 

Solution: Note that /„ (0) = f n (l) = 0, for all « s N. Now suppose 
0<x<l, then 

lim f„ (x) = lira nxe n ^~ x ) ~ x lim neP la i l ~ x ) = 0 

n—+<B n —»co n —>oo 

Because in(l-x)<0 when 0<x<I. Therefore, the given sequence 
converges pointwise to zero. 
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Example 8: Let {/„} be the sequence of functions on 


An ISO 9001 


]R defined by 


Tut your Own Motes 


\\ otherwise 

Show that {/„} converges pointwise to the constant fanchon / = ! on 
5? 

it , to there is a natural number N such that x 
“ « (0,1/AO- The intervals ( 0 , 1 /u) get 

for all n > N: Hence, 


For Formal Definition of Pomtwwe e.unvci 

Let D be a subset of K and let {/„} convergence m / if given 
any „ in D and given any cr-tl there- cmsis a-natural 

N = N (x,e) such that r xN^*~. 

\ Sl 

UW-/Wl <E forevery n>N ' . ... x C 

Son, The notation N = N(x, s) means that-.the namr.il number N 

_ i -5, S, ““w 

A *™rutc nn the choice of x and e. 


^a^dlef {/„}$* a sequence of real 

fycom&k^ ^ ifoTml y to f lf 

iral number M = #( 8 ) suc ^ t ^ at 

- v ,'/• 

for eVbry x in D. 

1 number N depends only on e. 

>}jes pointwise convergence. But the 
following counter-example. 

£ of functions on (0,») defined by 




g? !j\ .. 

This function converges pointwise 
n gets larger and laij|j. So,; 


to zero. Indeed, (l + « 2 x 2 


is not uniformly convergent, 
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Theorem: J.ct D be a subset of 3 and let {/„} be a sequence of 
continuous function on D which converges uniformly to f on O. J 
Then j is continuous on L) 

Problem 1: Let {/„} be the sequence of functions on [0,1] defined by 

4l-v) = /ur(l-x 4 )". Show that {f n ) converges pointwise. Find its 
pointwise limit. 

Problem 2: Is the sequence of functions on (0,1] defined by 


f„ (x) = (l ~x) n pointwise convergent? Justify your answer. 
Problem 3: Consider the sequence {/„} of funct ions' defined by 


„ . , /l + COS'(wx) „ 

(x)~ - ±rj- for all x in R. 

' 2/z + l 




Show that {/,) is pointwise convergent. Find ifs-pointwise limit. 

Problem 4: Consider the sequence !/„ } -of functions defined on [0. n] 
by fn (■*) = sin" (x). Show that {/„) converges pointwise. Find its 
pointwise limit. Using the above theorem, :sbow that {/„} is not 
uniformly convergent. \ 


9.2. Quick Review for Uniform ConveFgenc 

1. The sequence of function x n conyeigos fin 
0 < q < 1, but not on [0,1). V. - 


y to 0 on [0, a] where 


2. If f n (x) converges |oint ? ype^ to 7(x)'' on S and 

M n = sup|/ w (x)-/(x)|, thenj?^(x) converges uniformly to fix) on 


S iff M n -» 0 , as n —>• ocf. 


I'. 3* A sequence ^of- functions , f n (x) defined on a set S converges 

00Pf uniformly on s >0 3meN such that 

feffc | fn+p (*) - fn M| <* Vn - m H ^ 0 and xeS . 

Mfc C-' ’ I? 

fl B B te 4. The sequence x n converges on 40,1] to 0 if 0<x<l and to 1 iff 

igggrjpBsn^, mr - /; 

x = 1. HoWeyer, the cblfergenc44s not uniform on [0, l]. 

ffflMgk ■ ^lj|i||e iSf 

MP A sequence f n (^jdeihed oma set S is said to be uniformly bounded 

on S if there exists fjp- 0 such that]/; (x)| <k V x <= S and «eN. 

E >! ,, // • 

®* If the sequence of continuous functions f„(x) converges to a 
•- v continuous function /(x) on a compact set E and 
| /„(*)>/„ +1 (x) VneN and xe£ , then f n (x)->/(x) uniformly on 
| E. 

v&r-. ' 

-* fn (*) converges uniformly to a function f(x) on S , and x be a 
% limit point of S , and lim /„ (r) = a„ then a n converges and 


iiin /(t)= lim a n . . 

t-+x n -+oo . { . 























8. If f„(x) converges uniformly to a function /(x) on a set S and if 
each f n (x) is continuous at c e S then /(x) is continuous at c on S . 

9. ^tan -1 nxj is uniformly convergent on [a,b],a >0. but it is only point- 
wise convergent on (0,6]. 

10. If /„ (x) is monofonically non-decreasing sequence of continuous 
functions on [a,6] and point-wise converges, then the convergence is 
uniform on [<2,6]. 

11. If f n {x) is monotonically non-decreasing sequence of continuous 

functions on [a,b] and the sum function (x)-,is continuous on 
[a,b\, then is uniformly convergent on 

12. If f(x) is continuous on [a,b] , then there exists , r a\ sequence of, 

polynomials P n (x) such that P„ (x) convergesmnifbrmly to f(x) on 

[a t b\. \,' x - 

13. If f„(x) is a sequence of integrable functTbn^n-'[a,&] such that it 
converges uniformly to a function /(%) on [a,6] , then f(x) is also 

integrable on [a,b] and lim f l> fk{ x ) dx^L / (*) dx • Moreover, 
f *f„ ( t)dt converges to ]*f(t)df unifomdy on [a, 6]. 

14. If f n (x) converges for a pom^in ^'a^] and f n { x ) converges 
uniformly on \a,b], then jfifhl converges uniformly to a function 

. L i . ' ' 

f(x) on [a,b], and/'(x) = V x e[a,/>]. 

15. If f„(x) t g n {x) converge hnifoSaiy to f(xjig(x) respectively on a set 
S ,then f n (x)±g n (x) converge uniformly, to /(x)±,g(x) respectively 
on S . Also kf n (x)~ converges; uniformly to kf(x) on 5 , where 
keR. 

16. If f n (x), g„ (x| converges uniformly on a set S then the product 


sequencd ^ (x)£ s (^ may, or may not converge uniformly on S . 

17. If tfie sequehce ^of monotonically non-decreasing continuous functions 

f(x) converge^oinp^dse to/a continuous function f(x) on [a,b ], 

then the convergeri^rfuniformon [a, b]. 

18. If /„ (*) -*/(*) unifolply/on [a,b], where each f n (x) and g(x) axe 
continuous on [a,b ], then 

Mm I*f n { x ) g(x) dx = \ b f(x) g(x)dx. 

n->co " a 

19. If each f„(x) is integrable on [a,6] and /„(x) -» /(x) uniformly on 
fa. 6] thenv fix) is integrable on \a,b] and lim f f„(x)dx exists, and 

is equal to jV(x) dx. 


W0yourOwnWbt e 


Hi 










Ulijiltiv- 
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20. II f u _> / uniformly on a set $ and x< ?s’ so as each |j m ^ as t ._> * 
exists on .S' . then Jim/ as t >x exists on S and 
Jim /(f) = lim lim f n (f) on S . 

r >x n--4cc r—tx 

21. If f H (x) converges for a point in [a,b] and f[ (.v) converges 
uniformly on [a,b], then f n {x) converges uniformly to a function 
/O') on [a,6] and /'(*)= lim f;(x) Vxeja,6]. 

n— »x> 

co 

22. Hfn( x ) converges uniformly on S iff for every s>0 3m eN such 

n=l 

t ^ iat I fn+i ( x ) + fn+2 W + - + fn+p (*)| < e v n > m, p > Ch-and x.<= S. 

23. If £/,(*)-»/(x) uniformly on a set S and x be a limit'point of 5 

. .. 

an ^ Hm fn (0 = a n * then converges and ,lim /(/) = ^a lt . 

l ~* x , ^4,., "■»=! 

, r <1 "’"■W, 

-J. "C< '"-‘4 . • 

24. It .4 (a) are continuous at c &S and (a:) f(x) uniformly on 

S , then f(x) is continuous at ceS. \ ' 

"4 's- '• ' K. . 

25. If each f,(x) e /?[«,£?] and (*) converges uniformly on [a,b], 

r\' : 


26. If A(A*)ei?[a,fe] Vn and cohyerges uniformly to f(x) on 

y l a M » tfaen S J*/» W coifCTg||^S^y tkJ V(a)^ on [a,b ]. 

27. 'If /„(a)g^[u,6] V n and ■ (x) ; converges unifonnly to /(a) on 

jf 00*% 

[«./>] and g (x)e R [a, b], then (x)/„ (x)dx converges uniformly 


to f.dx)/(.v),/« on {„.*] ; 

w •’ ■ 

28. If each ^k) w ;;is;'differentiable On [a,b] and /,(•*) converges 

W- ; ^ pnver ^ es some p 0 ^ ce [ a >^]> 

then £/„(x) convert uniformly on [a,6] and f(x) = ^/„'(r) on 
Ml> where ’ 

yl-.M ;f 

29. If f n {x) has continuous derivatives on [a,b] and £/„(*),£/„'(x) 
converge uniformly td f(x) and g(x) respectively on [a,b ], then 
f(x) is differentiable and f'(x) = g(x) on [a,b]. 

30. If \f, (x)| <M„ \f xeS and «sN, then £/„ (x) converges uniformly 
(and absolutely) on S if ]TAf n converges. 

31. The series T 3" sin-^-x converges absolutely and uniformly on (a,<x >), 

<4- ' * 

where a >0.. 
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32 . The function /(x) =- 2 _,b n cos|i 7 n Kxj where ()</><! and a is an odd Tut y<ntr Own Not 


positive integer such that ab>\ + ~n, is everywhere continuous but it 
has no derivative for any rel. 

33. If Y^fn i x ) converges uniformly on a set S , then f„(x) converge 
uniformly to 0 on S . 

34. If 2-/jiW» 'Us,, (*) converge uniformly to /(x).g(.v) respectively 
on a set S, then ^(/„ (x)± g n (x)) converge uniformly to / (x)±g(x) 
respectively on S also f„ (x) will converge unifonnly to k f(x) on 
S , where k is any constant real number. 

35. £.v" conv crges uniformly on (-6,5). where 1 > 5 > 0 , but not on 

(-U)- 

/ H "x. v 

36. If 2j/ fl (x) converges uniformly to. ./(x) on {«,6]\and each f„ (x) <= R 
[a.b], then f(x) € [a./>] and jV( v) 

\ \ 

37. If each /„'(x) is continuous on [a,b] and ^_/„ (x)^/ w ' (x) converge 

uniformly to s(x) and g(x) respectively ohx[46] then, s'(x) exists 
and s'(x) = g(x) on [a,b\. V " 'nN*-.- 

38. If Y,fn { x ) converges uniformlyion^, sef v S'• and g„ (x) is monotonic 

and uniformly bounded on S , thenN^sdnfes Yfn (*)&, ( x ) converges 
uniformly on S. ^ //••• TT r 

39. If Yfn{ x ) is unifonnly bounded on % and /gJx) is monotonic and 

converges uniformly to zero " bn then £/„ (x) g n (x) converges 

uniformly on S . y, 4 


40 - If Z fn W dpnverges uniformly to f{x) on a set 5 and £a„ 

converges to a, theh ! ®jj||„(x)'$-«||^onverges'uniformly to f(x)+a •’ 

on c f/ fefcfl 
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CHAPTER 10 


FUNCTION OF SEVERAL VARIABLES 


10.1. Definition of n-tuples 

The Euclidean n -space R" is the set of all n -tuples (.v,,...,x„) of real 
numbers x t ,i - 1...,/? (called vectors or points) on which the two operations 
of vector addition and scaler multiplication are defined as follows: 

(i) For any two points (jc, ) and (y h ...,yj in R" 


(ii) For any a e R and (xj ) e R' 
a i x i’ ... ax„) 


j,f**<**«- 




we can write «-(x,,...,x rt ) = fl(x 1 ,... > x <J ). If^^tfien x = (x ls ...,x n ) for 
some real numbers x ] ,...,x„ , and x t is calleci’the i \component of *. 

Neighbourhood: Let Sc®" and a = (aX..„^sr. Then we say Sis 
neighbourhood of a , > 0 such that 

B(a, e) = j(v h x 2 ,x„) e R" : J(x, ) 2 + ••• H* h -) 2 < s| c S 


Open Set: LetScR” be a subsoil*". 
neighborhood of each of its 

f ' V! \'' ? 

Closed Set: Let ScR" be a subset of M' 
complement of S'||n ii: R" is 6pericset.i.6., 1 

Remarks: 


Then S is said to be closed if 
-S is an open set. 


(a) An open Ball.in :R" open set. 

(b) A closed ball in R" is Closed set. ' 

(c) The two sets R" and <j> are both open and closed sets in R” and 

lip 

moreover there is no other subsets of R" which is both open and 
closed. 

Important Results: \ 

1. The union of any collection of open sets in R" is open. 

2. The intersection of a finite collection of open sets in R" isopen. 

3. The intersection of any collection of closed sets in R" is closed. 

4. The union of finite collection of closed sets is closed. 

5. A subset A of M" is open iff A is the union of a countable collection 
of open rectangles (balls). 
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6. A subset A of R” is closed iff a is the intersection of a countable 
collection of closed sets. 

7. Let A be a subset of R n and w be a point in M". The translation of 
A by is denoted by w+A and is defined by w+ A = {w+ v: ve A}, 
Then 

(i) A is open if and only if w+A is open. 

(ii) A is closed if and only if w+A is closed. 

Cluster Point: A point xeR” is called a cluster point of TcR” if 
ever}' open ball containing x has a nonempty intersection with A - fxl. 


'Put y our Own Mbu 


8. A subset of R" is closed iff the subs 

Product of Sets: Let ^cR" and 
denoted by a x b 

AxB = {(x l ,...,x n ,y l ): (x, n; .,x n j. 

xeA&y<=B then the point (x,^..,x, 


The product of A&B 
Sl v defined as 


in' AxB is denoted by 


From definition it is evident that A.x B c: R n+m , and in particular 
R"xR"' = R" +W . 

9. Let A c R" and Be IT. Then 
(i) A&B are open sets in 

in ra>«+» 


ispectively iff AxB is open 


(ii) A and B are dosed sets i 
closed in R n+m . %: 

10. Let 45 s IT .Then 

(i) TUb^AuB 

(ii) A^B^aAb 

11 . If It ?.'•. and Sdrfld^ 

cluster .S 

cluster poiatof A or of B. 

Real Valued Function oh „ Va 

m a 

Let ScR' . Then al|g|r/:,sT 
variables x T ,x-,,...x„. Provided no t 


apd R m respectively iff AxB is 
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13. Let f&g be two real valued function with common domain 
and c a cluster point of A . If lim /(a) and tim g (a) exists, then 

v —*C .1 >< 

(0 lino (/ i g)(x)- lim /l'x) lim# (a) 

X >C V- >(• .1 — 

(ii) lim(/-g)(A-)- lim /(a)- lim g{x) 

T H' X-*C X >C 

' lim f{x) 

(iii) lim — (a)-^^— provided g& its limit at c not vanish. 

lung a 

A-*<T 

Continuity of a Function at a Point: 

Let where D is an open subset of EX Then f is said to 

he continuous at a point a = (a l .a 2 ,...,a n )<= D if lim /(a)= / («) , where 

a, 

X -{X],X 2 ,.:X n ) . V 

In other words, / is continuous at a point ^ D if given 

any e>0 , there exists someXf’&M) such that 


|/(*i , * 2 ,...a„ ) ■- / (flj, a 2 , a„ )| <k, 

J" (*I ~ a lf + "• + (*« ~' a n f 1 < § • 


Partial Derivatives: If / is a function of >? variables, then its partial 
derivatives are the functions^ f x , V, defined by 

f ( x x x 1- lim fn _ 1</<M 

h, Ui,*2 >•••*«)- hra 7 T3ET - toraU l-'-"- 


k ~> 0 L^igP 
14. Let / and g are functions^ ^ 
exist. Then 1 ’% 


les. Also if f xr f x .,g x .,g Xj 


0) (/±sL jJ%±gA 


(ii) {f-g) Xj =fx,g + g xr 


: f** + **.T*%t^ - 

? h 


Differentiability; at a Point: Let /: D -> R be a real-valued function iSfe 1 
defined on an opcriSet Del 2 . Then / is said to be differentiable at a 

point (a,b)zD , 'f j(aih,b+k)-f(a,b) = Ah + Bk + 4 #+ k 2 g(h,k) JpX^ | 

,Where A and B are real numbers independent of h and k , and g is XXXX’: 

a real-valued function such that lim g(b,k) = 0 . ■' j 

(WHO.O) 

Equivalently, / is differentiable at (a, b) , if 1 

f(a + h,b + k)-f(a,b)-Ah + Bk + h$i(h,k) + kty2(k>H) where A 

and B are real numbers independent of h and k and $(/?,*) , rWi-: : 

(|>j( A, A:) and ({>2 (A, A:) con verges to 0 as (A,£)-»(0,0). 
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Remark: 


Tut your Own Notes 


(i) It may be noted that the constants A , B appearing in the definition 
of differentiability of f are given by : A - f x (a,b), B = f v (a.b) 


(ii) If either of f x .f v does not exist at (a,b) 
differentiable at (a.b). 


15. If a function f:D->R is differentiable at (a,b)eD , then / has 
partial derivatives f x and f y at (a,b ). 

16. If a function /:£>-» R is differentiable at a point (a.b) e D , then / is 

continuous at (a.b). ... ' v \„\ 

Remark: The converse of the above theorem'.may hot be true. - A 
function may be continuous at a point without -being differentiable at 
that point. 

17. If (a,b) be a point of the domain of definition of a function / such 




(i) f x is continuous at (a.b) 

(ii) /,. exists at (a,b), 


Then / is differentiable at 

Note: In a similar way it can be.shown^Jhat-' / is.-differentiable at (a,b) 

, if f x exists and f y is cont^^^P|a,6). IrVfact, one of the partial 
derivatives is to be continuous and the other merely to exist at the point. 
Remark: t % /'/■. 




HP 


(i) If a function / is ;i ndl|<liff^fentiable at (a.b) , then f x and f y 
cannot be continuous at (a.^fHr^f. 

f; 

(ii) The conditions 'of ; die above theorem are sufficient, but are not 
necessary! iffa "fflfctipn / is differentiable at a point (a.b), then 

beplitmuous at (a.b ). 

pOse that i = f(x.y) is a differentiable function of 

x&y , where x = g(^^adj/ = h(t ) are both differentiable functions of 

< ^ >:■'/ •• ' . 

t . Then z is a differentiable function of t and — = —— -+ 




Chain Rule 1: Si 




Hill 




Chain Rule 2: Suppose that z = f(x,y) is a differentiable function of 
xand y, and where x-g(s,f),y = /?(s,f) and the partial derivatives 
g x ,g,.h s and h, exist. Then 
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Directional Derivatives: Let / be a function of 
on a disk D centered at (xj ,x 2 , ...x„) and let u~ [a. 
vector. Then the directional derivative of f at 
direction of u , denoted D u f(x\,x 2 ,...x n 

/(xj +ha i ,x 2 +ha : 


Tut your Own Notes 


If limit exists. 


18. A Sufficient Condition for Continuity: 

A sufficient condition for a function / to be continuous at (a,b) is that 
one of the partial derivatives exists and is bounded in a neighbourhood 
of ( a,b ) and that the other exists at ( a,b ). 

19. If / is a differentiable function of . x and 
derivative in the direction of any 
D uf( x >y) = fx {x,y)a + fy (x,y)b = Vf (x,y) 

Remark: If the unit vector u makes ai 


:•:. : ;”Xih - '->■■■ ‘ w -Vj? kj 


L.bccvri', 




with the positive x 
="{hds 0 .sin 0 ) an 


A</(*o>To) = fx (*o>To) cos $ + /v (* 0 . 




Function from R" to R'" : Ait 

\ 

/(x 1 ,x 2 ,..„ x K ) = (<j) i ,(l) 2 ,... > (j)^) is t palli 

j* 

variables, where for each i = l, 2 \;m' 
function in n -variables. a**, 


- >M m defined as 

motion in h -variables to m - 


l|« 

•• <V' 

SffecS 


is a real valued 


. : 




£■>!*>*» 




10.3. Limit and 


eal Valued Functions 


5»f5Sfe@& 

" r i' •• x,ari 






(i) Definition (Limit): Let R" .and c is a cluster point of 


A. Then / is said to have a limit / in JR m at the point c in R w if 
for every : ; e >%3§ > Of /such that Vxe^ 
0 < |x - c| < 5 =>|/(v)-i)<E. = ? 


functi^is said to be 
.. .• a pdiitf;V«: <= A if/,a is not a cluster point of A or 

lim/(x) = f(a) • Iflr jj . 

' .T-»C ’ - ? V': $pt /* -• •' 

’ ife, Jg? 

(iii) Definition (Uniform|contin|iity): Given a function f:A is 

said to be uniformly continuous on >1 iff Ve>0,35> 0 such that 
Vx, ye A: \x-y\ < 8,^>W^:)-/(y)| < s . 


(iv) Definition (Diffrentiability): Let A be an open set in R" and 
then / is said to be differentiable at aeA if and only if 

there is a linear transformation X : R" -> R OT such that 
\f(a + h)-f(a)-X{h)\ 

lim --j^j-1 = 0 If / is differentiable at every point of 

A , then / is said to be a differentiable function. 
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I'unction of Several Variables 


20. Let ■ f : a -> R m , where A c R" and c is cluster point of A then 

lim/(-*) = / iff lim <j>,-(*) =/,■ i w . 

x-yc x->c 

21. Suppose /: A -*R r A cl M" and c is a cluster point of A . If lim/( a') 
exists, then 3M > 0,5 > 0 such that Vxe A 0 < |.v - c| < 5 => |/(.v)| < M . 

22 If f ■ 4->R m A czM" and c is a cluster point of A such that lim/(x) 

J ' x->c 

exists then lim j f (x)| exists and further more lim 1/(*)! = lim /(x) . 

v •> x~*c' 1 x-+c 


Tut your Own Notes 


23. Let / J-»R",i4cR B and aeA , then / is continuous at a 
4 . 

<b,-,i = is contmuous at a. "X, '‘-v-... 


24. Let f,g: A R m ,A c R" and cp: A -» R. If f,g. and <p, are continuous, 
at aeA, then f + g,f-g and <p-/ are all continuous-af ,a e A. 

25. If TLR” -*R m is a linear WnsfonhationXtfen \T Is continuous 
function 




id Scl™ such that Bd 
is continuous at i? then 


27. Let /:/!-> M w and g:B->U k ,A ci-E" 
range / . If l\m f(x) = beB ^and\ 

x-ya , , 

lim (go/) (x) = g ( b ) . \ ' 




L/cRff and such that range /cB 
n eA , and g is .continuous at f(a)<zB 


28. Let /:/!->IT , g:B-> 
Suppose / is continuous t 
Then gof is continuous |I 




/ is continuous on ^ iff for every open 

jf/suchthat /" 1 (t/) = FnL 

> 

"^c R"-, s then/ is continuous on A iff for every closed 
iere is a closed set H/a R” such that f~ l {F)-Hr\A. 




29. Let f: A—> R^ic: R 1 

set U c R m tfee isfeppen set 


% mfim 

iwt 


the limit lim 


(x, y )-Ko,o) x 2 +y 




if and only if m+n 






be a function differentiable at 


32. Let x4cR” Jbe a subselgihd / 
aeA, then / is continuous at a 
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Jacobian Matrix: Let defined by 

/(.v».A- 2 ,....jr„)-=(^|,4)2»-»4>*) Where tj) ( :R"->R is a real valued 
function, where 1 < t < m . Then matrix of derivative at x-c is denoted 
by /)(/((.•)} and it is defined as 


°h. 

°<b] 

^4>i 

dx j 

dx 2 

8x n 


d $ m 

'*►« 

&] 

dx', 

dx„ 



co, 0 £ / < /«'' 

i a v ) 

U: = — 

1 cx j \<j<„. 


such that 


I 1 - 71 I mxn 

10.4. Maxima and Minima of Functions of Two Variables 
Definition: 

^ 'SlV. 

(i) A function f(x,y) is said to have a maximum at -a.point' ( a,b) if there 

exists aneighbourhood N of v -(^ such that 

/(a + h,b + k)<f (a,h)V(a + h,b. +Jills’- 

The set N- {(a, 6)} is called a deleted neighbourh6qd''0f (a,b). 

(ii) A function f(x,y) is said to have a nunimjim^a^point,. (a,b) if there 

exists a neighbourhood N^Spf '^' % fn,b) / / such that 
f(a + h,b+k)> f(a,b)\'(a + h > b + k)%M~\^SbW // 


f such that 

SjjT 


(iii)A function f(x,y) is said to haVq an* 
has either a maximum or minimum af# 


lum at a point (a, b) if it 

/ ’ 


(iv) A point (a,£) is said to be a^rifiltff^int for^-function f(x,y) if f x 
and f y both exist at (a,6).:and f x (a,b) - 0 and f y = (a,b) = 0 

• ^ *‘f 

(a) If a function /(x,y) has an extremum at any point (a,b) of the 
domain of'jf if / adMits partial derivatives f x and f y at (a,b), 
then 

w.. 


the^above theorem are only necessary 

(b)®tbe^hreal vafhed function in two variables which 
posses cilrtnuoW second order partial derivatives and 
fxx (a,b) = 4%{0b) = B0yy (a,b) = C then 


(i) /has maxii^n at/(u,6) if AC-B 2 >0,A >0. 

(ii) / has maximum at [a,b) if AC-B 2 >0,A<0. 

(iii) /has neither maximum value nor minimum value at (a,b) if 
AC-B 2 < 0. 

. . (iv) / may or may not have an extremum at {a,b) if AC-B 2 = 0 

- ’ • ■ ^ 

(This case is--often called the doubtful case, which needs further 
■investigation) ; 
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l*s> r 
S§|§i|* 




' (A.- 




V:’; : 


10.5. Compactness of Connectedness 

1. A collection O of open, sets is an open cover of A if ever}'point .v in 
A is in some open set in the collection O. 

2. A set Ac: R" is called compact if every open cover O of A has a 
finite sub cover of A . 

3. (Heine-Borel Theorem): A c R" is compact iff A is closed and 
bounded. 

4. If B d R OT is compact and x e R" then |x)x3 is compact in R" +,n . 

5. If A d R" and ScT are compact then AxBd R n ? m is compact. 

6. If 4- <= R" f = 1 ,...,k are compact then A x x A 2 x...x IS 

compact. V"'-. 

In particular any closed rectangle W d R k , k e I^^Wbmp^act. 

7. (Bolzano-Weierstrass Theorem):" Every' bouhded \iiifinite subset of 

IK" has a cluster point. \ 

8. (Cantor Intersection Theorem): Suppose F 5 is a nonempty, closed 

and bounded subset of R" , and is' a sequence of nonempty 

closed sets in R" such that F, 3 F 2 2 -;:- 2 /^^rr, Then f~] F, * $ . 


9. A set is said to be ^dense'Hnt 

dense in R" it is simply called a.den^set.- 

10. If {E n :«eN) is a collec%n«rf^iense 


t*/ if A 3 B . If A is 


10. If {E„ : n e N} is a collec%nj|rf4lnse open set, then f] E„ is 

J ,7 weN 

• nonempty. /,' 

\ “% ,7 

11. The set Q of rational numbers isi not the intersection of a countable 

collection of open sets. - 4’ h‘■ : 

% // 


12. The set of all irrational numbers ^^is not the union of a countable 


collection of closedsets.in 


13. If 1 ! 


^^^ontinuoUS and A is compact then f(A) is 


compact. 


16. Let ylczR” be compact and if f:A-> R m is continuous then / is 
uniformly continuous. 

17. Let ^cf be compact and B be closed subset of A then B be closed 
and compact subset of A . 

18. Let C be closed and K be compact in R” then K+C is closed. 


14. Extremum Valde'fT^remjjLet.^cR"'' be compact. If F:^->R is 

continuous then /Mis on a'inaximum and minimum value on A . 

1 §, Jf • ; . ’ . 

15. Let A cl" be comrfackand if is continuous and one to one SlSSiii 

1 ■ 

then the inverse function is continuous. 
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19. Let A,B be compact subsets of R then their sum A + B is compatt. 

20. Let A c R" and U,V open subsets of R" then U&V are said to be a 
separation of A if 

(i) UnA*$ 

(ii) Fn.4^(j) 

(iii) (UriA)n(VnA) = (J) 

(iv) (UnA)u(FnA) = A 

21. A subset A of R” is said to be a disconnected set if it has a separation 
U and V . A is called connected if it is not disconnected, \ 


22. A set C 


is connected iff it is an interval. 


23. Let ^cK” be a connected set and if /: A ^%’Kis continuous then ! 

f(A) is connected. , . . ^ 

// 

24. In M", the only subsets that are open and clbse^are., ^and R". 

25. Let {4 :*€./}, where / is index set * be X collection of connected 


subsets of a (metric) space X with the prc 
have A,- r\Aj * (f>, then A = (J 4 is connectfei 


26. Let A be a countable subset of W% :> n 


27. Let X and Y be connect 
XxY is connected 


that for all i, j e / we 


-k is connected. 


es then the product space 

/?,■ 'c V : : 
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ASSIGNMENT SHEET -1 


Let F be the set of all functions from [0, l] 5. 

to [0, l] itself. If card(F)=/ then 

(a.) F is similar to [0, l] 

(b.) / is less than the cardinality of [ 0 , l] 
pf) f >c where cardnalityof[ 0 ,l]isc 
(d.) F is countable 

If f :A~> B is a one-one map and A is 
countable. Then which is correct 
(a.) B is countable. 

(b.) B is uncountable \ ™‘; 

V 'Hi 

v j^et) There exists a subset of B which is 

countable \ SpS..' 

\- \ 

(d.) None of these. i 

Let A be an infinite set of disjoint open sub \ 
intervals of (0, l). Let B be the power s.ef“'v !% _ \ v " v 
of A. Then- , . Xi „. \,, 

\ S>— 

(a.) Cardinality of A & B are equal \ ■ 7 ^ 

(b.) A similar to (0, 1) v 

pS.) B similar to (0, 1) /■/ 

(d.) A&B both are uncountable ff • 

Match the following list-I // 

choose the correct: T 


List-I 

A. Countable 

B. Uncountable 


# IS1 


'•••iv-rv.. .. 

"V // 


1. Set 


elements of’R over 


2. Set of all function from Z 2 = {0,1} to N 

3. I'JnF 1 - -Jn\ s rationalj 
Code: 


(a.) 2 
(b.)l 
(c.)3 

jpv 


5. Let A be the set of lines passing through the 

origin and slope is integral multiple of-il 

12 .' 

Then 

(a.) A is similar to R 
v_(-K.) A is countably infinite 
(c.) A is similar to the set of months in a year 
(d.) A is similar to the power set of R. 

6. \ Consider the following statements: 

1.. . The set of all finite subsets of the natural 
numbers is countable 

The set of all polynomials with integer 
coefficients is countable 

X'^Choose the correct answer: 

( a -) Only 1 is true 
\ \ \ (b. j Only 2 is true 

• Si v(c) Both 1 and 2 are true 

(d.) Both are false 

7. Let A&B are infinite sets. Let f is a map 

// from A to B such that the collection of pre 

' // . images of any non-empty subset of B is non 

p ' empty. Then choose the incorrect 

ff (a.) If A is countable then B is countable 

// (b.) Such map / is always onto 

& B are similar 

(d.) B may be countable even if A is not 
countable 

8 . If / be a function with domain A and range 
B then which of following is correct. 

(a.) B countable => A countable 
JXf A countable => B countable 
(c.) A uncountable B uncountable 
(d.) All of above 

9. Wjaich of the following is correct? 

^Ja.) The set of rational numbers in any 
interval of finite length is countable. 

(b.)The set of irrational numbers in any 
interval of finite length is countable. 

(c.) Every subset of uncountable set is 
uncountable. 

(d.) All of above. 
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Read the following statements 

1. S is a countable set 

2. There exists a surjection of N onto S. 

3. There exists an injection of S into N 

Codes: 

(a.) 1 implies 2 & 3 but not conversely 
(b.) 2 & 3 imply 1 but not conversely 
(c.) 1 implies either of 2 & 3 but not both. 
{chfAll the three statements are equivalent. 
Which set is countable 

(a.) The set of all polynomials with real 
coefficients 

(b.)The set of all subsets of a countably 
infinite set 

(c.) The set A—B where A is uncountable 
but B is countable 

(d.^The set of all finite subsets of-Tl ; ‘("'the : ,, 
set of natural number) 

If F be set of all function defined on 

I n = {1,2,3,.> 2 }; n e N with range B c 1^ 

(set of positive integer) Then , ,^j\ 

(a JfF is countable. \ 

(b.) F is uncountable \ ^ 

JfyfF is infinite \ 

{^fF is countable if B is finite m . 

Select the correct statements . & jA 

1. Every countable set is similar to N j 

2. The set of all disjoint intervals, is' hot 

similar to the set of real numbers \ 1 / 




is a recurring decimal number} 


T^{bE 


for some distinct primes 




3. The power setHf N is 
of real numbers. 
Codes: 

(a.) 1 and 2 on 
(b.) 2 and 3 only 


(d.) All of these 

Let for each pair of i|tu||l numbers (m,n), 

r J :: 

P nm be the set of polynomials of degree n 
with integral coefficients s.t. 
|ao| + |ai] + ....+|a K | = m ; where a^s are 
coefficients then 
(a.) P mn is countably infinite 

(b.) P m n is finite for some m, n only 


p & q] then 

(a.) S is countable but T is not 
(b.) T is countable but S is not 
S & T both are countable sets 
(d.) S & T are uncountable sets 
Consider the following statements: 

1. Every infinite set is equivalent to at least 
'. one of its proper subset. 

If a set is equivalent to one of its proper 
- ■ • subset then it is infinite set 

"Code: 

v,, •. 

(a.) 1 is correct and 2 is incorrect 

‘s* 

(b.) 2 is correct and 1 is incorrect 
. (c;):Both are correct 
(d.) Both incorrect 

/Let A x , A 2 ,A n sets, where n be a fixed 
y natural number. Consider following 
statements: 

n 

1. If A = f| A countably infinite, then there 

1= 1 r ,=1 

V exist at least one Aj for i = \, 2,....n which 
is countable 

2. If A = A 1 xA 2 x....xA /] is countably 
infinite. Then each A i for i=l, is 
countable 

Code: 

(a.) 1 is correct and 2 is incorrect 
iJhri^Ts correct and 1 is incorrect 
(c.) Both are correct 
(d.) Neither 1 nor 2 are correct 
How many statements is/are false? 

1. Cardinality of[0,l]x[0,l] is the same as 
cardinality of R 

2. Cardinality of R is the same as the 
cardinality of irrationals 

3. Cardinality of R is the same as the 
cardinality of C 


:m,n ei 


set of all 


algebraic number. 
{(FyP mn is finite e! 


(b.)One 
(c.) Two 
(d.) Three 
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Let A be an uncountable subset of R and B 
be a proper infinite subset of N . Define 
f :B —> A such that / is one-one, then 

(v^T) A and A~B are similar 

A and A-f(B) are similar 

sjprf R and R - f(B) are similar 

of the above are correct 

Let P n be the set of all polynomials of degree 
n with integral coefficients. The P n is 

(a.) A finite set with n n elements 



(b.) A fmite set 
( 5 <^A countable set 
(d.) An uncountable set 
Consider the following statements. 


V-s 

-S* \\ ' 

i. '■"““"’H,, 


-s, ' \2'4. 



1. S be set of all straight line in a plarie^ '%•*, 

each of which passes through at least.Jwo ^.■ 

different rational co-ordinate , 


2. If S = {x: xbe a rational point of 


point x = (x,,x 2 )e/{r called ratio] 
point if each x,,x 2 € fi) .a:-’;?'.’ ... v 

Then \ 


\(a<f 1 and 2 both cbidtable^^fev.., J- h 

• fe,„ // 

(b.) 1 countable and 2 uncountable ' 

(c.) 2 countable and l upcgimtable // • 
(<L) 1 // •' 

Consider the following sta|j|lbnts. 0 . 

1. If every subset ofa^sSfis countable then 

set is countable. I|| 0 

2. If every .proper salsetyof • a set is 
countable then set is countable 


(a.) I correct 2 may or may not correct 
(b.) 2 correct 1 may or may not correct 
(c.) Both may or may not correct 
(dA Both correct 


Klementarv Set Theon and CountabHIih 


If F = {A, A ? .:...j is a countable collection Of 

countable sets let 0 : = \B]B 2 .j. w}j ere 

B- t .i| and lor n > 1 . 

r. i 

= A n - U A k ■ 

k 1 

Then form the following statements which 
is/are true 

1. G' is a collection of disjoint sets 

2 . U^-U^ 

A=l A=1 

x 

^. 3 >f " _ y is countable 

j\0~k=] -.. x 

Code: -. N 
' (a.) Only 1 
1 and 3 
(c.) 2 and 3 
(d.) All three 

Which of the following is/are true? 

(a.) The set {e x : x e R} is a countable set 
(b.) The set {log a' : x > 0} is a countable set 
(c.) {sin x: - nil < x < k/2} is a countable set 
^(dyThe .set of all solutions of the equation 
/ z n - 1 ; n = 1 , 2 ,... ,where z is a complex 
number, is a countable set. 

If ^=j(x,j>):j>=e*,x€Rj and 

£=j(x,.y):y=<r ;t ,xeRj then 

(a.) Ar\B = <p 
4nB *<p 
(c.) ^4u5=R 
(d.) None of these 

Let X denote the two-point set {0,1} and 
write Xj = {0,1} for every j = 1,2,3,... Let 
os 

Y = m • following is/are 

7=1 

correct 

(a.) Y is countable set 
^(b^cardinality Y- cardinality of [0,l] 


U n -7 * s countable 
«=1V7 =1 . 7 

(drf Y is uncountable 


28A/11, (First Floor) Jia Sarol, Hauz Khas, Near U.T., New DelbMieOlS, Ph.: (011>-26537527, CeU: 9999183434 & 9899161734,8588844789 
E-mail; info®dipsacademy.com; Website: ■www.dipsacademy.cora 

























Which of the : following subset of M 2 is/are 
NOT countable set? 


Jb y^a.b) e K 2 | a + b e (Q>j 
( ^)'|(G,^)eM 2 }^eZ} 
(d.) j(u,/>)eM 2 jfl,beQj 


For each J = 1,2,3— let Aj be a finite set 
containing at least two distinct element, then 


<s>U a j is countable set 
/=l 

co 

(b-)U^ is uncountable 
M 

OO 

fe>n^ is uncountable 

jM 

00 

(d.) n 4 is countable 

... >=i • 

Consider the sets of sequences 
A ' s -{('„): m«! | 

Y-{(x n )<zX:x n =\ for almostfrnite 





^ 32-1 


%|fr- 


Then. . !SgSs JtaJL ' 1' 

(a.) X is countably Y / 

Co.yjC is uncountable. Y is countable. W 

\>r . -v/ fv 

(c.) Z is countable, 7 is countable. /■/ 
(d.j X is accountable, F iis’uncountable 


tf 

f % ri .. 


Let A be any set. Let P (A) be the power set 
of A. that is. the set of all subsets of 
A; P(y4) = {B:Bc:A}. Then which the 
following is/are true about the set P(v4)? 

(a.) P(/4) = for some A. 

(b.) P(^4) is a finite set for some A. 

(c.) P(/4) is a countable set for some A. 

(d.) P(v4) is a uncountable set for some A. 

s; v Which of the following sets of functions are 
uncountable? ( N stands for the set of natural 
numbers.) 

:>(L {/!/:>:->{!,2}} 

" (b.) {/;/:{!,2} 

(c.) {/|/:{l,2}->N,/(l)</(2)} 

(d.) {/;/:>; >;i.2!./(l)</(2)J 

Let A = (0, 1) & B is the sets of all disjoint 
f open subintervals of A. then 

(a.) A &B are similar 

(b.) There is no onto map from A to B hence 
A & B are not similar. 

(c.) There is no onto map from B to A 
hence they are not similar. 

v Oir)Tbere is no one-one map from A to B, 
hence they are not similar. 
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Let G be the set of all irrational numbers. 
The interior and the closure of G are denoted 
by G° andG, respectively. Then 

(a.) G° = 0, G = G 

(b .)G°=R, G = R 

J<C>G 0 =f*. G = R 

(d.) G° = G , G = R 


The set (—sin —: n e n) has 
U- n j 

\J@F )§ne limit point and it is 0 

(b.) One limit point and it is 1 

(c.) One limit point and it is -1 

(d.) Three limit points and these are -1,0 and 

1. 


•v,The set U = \xe 


The set { 


x eK: at > x\ is same as 


(a.) the interval (0,0) 

(b.) the complement of the interval (0,1) 
the complement of the interval [6,1] 
(d.)the interval [0,1]. 

The set of all boundary points of Q in R is\. 

(a.) R v" 

(b.) R\Q ? 


sm x =—> is 
2 


’ •(a.) open 

v. 'v. JJw)-closed 

. *•* 

\7\' N . (c.) both open and closed 

V .• •} ■■ . • 

.(d.) neither open nor closed 

X,\ 

. \ \ 

\ . % < Let S be the set of all numbers of the form 


vj£e=) Q 

(d.) Empty set 
Lira superior ‘ 

,v>r o 

w. 


(- 1 )" 

2 " 




■n= |2,... j is. 

INsa*. "Xi 




Jr Xgr,' 
st?-' 


-. 1 , jL,~T’ a k =0or 2. Which of the following is 
k=o3 

true? 

(a.) s is countable . 
fy ■■■ (b.) 5 is dense in [0, l] 

ft: V'V : .t 

is closed in [0, l] 

(d.)LS = [0, 1] 

Consider the following subsets of R : 
£ = (— :«gn!, F = (—:0<x<l)Then 




If prxei 

li+HI 

points of Y is 
(a.) (-1, 1) 

(b.) (-1, 1] 

(<=•) [0, 1] 

1} 


, then,the set/of all limit 


It- ;'V 


E = j—:KeN|, F = jj—-:0<x<ljThen 

(a.) Both E and F are closed 
(b.) E is closed and F is NOT closed , 

\($^r*E is NOT closed and F is closed 
(d.) Neither E nor F is closed. 

How many subsets A of (1,2,3,4} are there 
that (ylu(l,2})-(^n{l,2}) has exactly one 
point? 


jtrx 
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. Let A={m + n-Jl : n e zj , where' Z stands 
for the set of ail integers 
d is dense in R 

(b.) A has only countable many limit point in 
R 

(c.) A has no limit point in R 

(d.)Only irrational numbers can be limit 
points of A 


Let X-= j—: n e Z, n > l| and let X be its 


1 


• (d) AnU-AnU 



closure. Then .... „ . , 

v .,„ then denied set of (AuB) 

- (gArX \X is a single point . \ fc \"“"O' O*. 

\ % C . H (a.) Has cardinality 2 

(b.) X \ X is open in R , V . 

, Ox, cardinality 1 

(c.) X\X is infinite but not open in R (c.) Is empty set 

(d.) X\X = <j> V\ (d.) Is countably infinite set 

S J ^4 SS ’■*£**+**■ . . 

Which of the following sets satisfy the .Let 5 »{W2 :x e q) then the derived set of 

condition that for every positive integer* n v ^, v ^^ ^. g 


If £ = ; m,riG N i then the derived 

{2m 3» J 

sets S' and S’ has the property 
(a.) S' & S" both are finite 
(b.) S' is finite & S" is empty 
, A^ys' is infinite & S" is singleton 
(d.) S' & S” both are infinite 

••••,. Let A = jl+—: n e //} and B = jl : n e n\ 
\:0 l n J { n J 


4 . X. '“'X 




'O 


condition that for every positive integer- n 
there is some a in A such that a < «? \ 


(b.) A is empty set 
(c.) A = N 

(d.) ^ = {xeR|x>10} 





Let S be an infinite subsiel&bf R such that 

.•*•**47 fp ^ £ 

SnQ = <f/. Which p.f the following statements 
is true? 

(a.) S must have, a limitapoint which belongs 

• ' %> glStl h 

• to Gk. - O w! MSf# // 


showing statements 


(b.) S must have; a limit pip which’belongs 

to R\Q m ff : 

(c.) S cannot be a closedset in R / . 

^Afk/S must have a limit/point which 
belongs to S . . V / ". , 

Let A *R be a dense subset of R. If U cR 
is a non-empty open subset then 

(b.) Ar\U = $ 

(c.) AnU^U 


/ (a.) Empty set 

// (b.) Singleton set 

*•/ (c.) Equivalent to the set of natural numbers 

\ X<L)TJncountable set 

(-1 \\ 

19. In R, let F„ = — ,n = 1,2,3. Then 

\n n) 

co 

iv„ is 

(a.) Empty 

(b.) Open but not closed 
l ^pcf'Closed but not open 
(d.) Both open and closed 

Which of the following statement(s) is(are) 
TRUE? 

s (a^rhere exists a connected set in R which 
is not compact 

(b.L-cAfbitrary union of closed intervals in R 
need not be compact 

(c.) Arbitrary union of closed intervals in R 
is always closed 

(d.) Every bounded infinite subset V of -R 
has a limit point in V itself 
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21. Let A be a non empty subset of 3R having a- 
supremum. Let B={x g R: (x +l)/2 gA} then 


S= i |:«eN Then 

v ' l 4 n) 


r 


Jpdj sup B — 2 sup A- 1 


(a.) Sup S = ^ and inf S = 


(b.) Sup B =(sup A +1) / 2 


(c.) Sup B = sup A 


\^tf)SupS = ~ and inf S =-~ 


(d.) B does nothave supremum 


(c.) Sup S = •—■ and inf S = ~ 


22. < Let a be any subset of E such that a r a ' = f 
where A' is set of all limit point of A . Then, 

(a.) A is uncountable 


(d.) None of these 

27 W s be subset of E and inf 5 = sup S , Then 


V"'- 

^■;; : .(a.-)'5einpty 


(b.) a is finite 
(g Ya is countable 
(d.) None of these 
23. The supremum of the set 


5 singleton-. 


i..xN> 

\ x \ 


X >s . S finite but may not be singleton 

^ v (d.) Can’t say 


5 = {i,i+rT+T + 4. 


2 2- r 


'.\^28;' 


(a.) 1 

^)2 


\ 

\ 


S = {f 1 ^] Sin f : ' ,eN 


Then correct 


statement. 


(a.) s has smallest element but not greatest 
element 




A* ^ 

j# 


S has greatest element but not smallest 
,TV element 




24. Let A=x:x = 4 ^Js « e M.^en sup A & 

' : • .C J; Jr' 

inf A are respectively ^ ***#&’ , 


1)7&4 


(b.) 0 jv 

(c.) 3&4 If 

(d.) None of these // A 

25. Select the incorrect stat^enf; about the set 


f 1 11 '1 "'-A' 1 1 


(a.) The set a is bounded. 


(b.) The inf ^ is 1 

^edfthe set a has its largest elements 


(d.) None of these. 


(c.) S has both greatest & least element 

(d.) s bounded but have not smallest and 
greatest element both 

Which of the following is not a nbd of each 
of its point? 

(a.) Set Q of rational numbers 
(b.) Set Q c of irrational number 
(c.) Set z of integers 
None of these 

Let S be an uncountable set and T be a set 
of those real number x s.t. (x-S t x+S)r>S 
is uncountable then which of the statements 
is/are correct 
(a.) r is countable 
,Qa'.') S-T is countable 
xjJ) SnT is uncountable 
(d.) All are correct 
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Let E. are subsets of 1. such that 
E i r\E i ' = j . Then select’ the correct 
statement: 

(a>) Each E i is countable 
,Xb:) R-u£- is uncountable for / = l to n 
'(cS) M -u£,. is uncountable Vi e N 
(d.) None of these. 

} 

Choose the incorrect statement: 
^croS'cr 

(b.)^S'oie(Sujx})' where 5 is any 
subset of R 


JJL + 

1 

[2m 

2 n 


Point Set Topology 


' Which of the following subsets of -:; 
closed? 

(a.) [0, 1]U[2 } 3]U[4, 5] . 

XW[0, 1 ] 

(C.) (1, ao) 

(d.) The set of rational numbers in [0. l] 
Which set is/are not open? 


,(a.) n G„ ,where G n =]—, -[ 
n=i n n 


%,^:)'The set Q of rational number 
" : 0 ,v -. (c.) The union qf arbitrary family of open set 


1 


(S')' = {0} 

(d.) (l,3) = w l+~,3-— ^-n 
L n n . 


-s 


\v (d.) All of above- 


W>g$ Consider the following statements and 
choose correct , 

(Ja^TEvery infinite and bounded set must Have \ 
a limit point A 

Any finite set cannot have a limit pb,mt x %>^ 

. (c.) Any infinite but unboundedly cah’t 
have a limit point 

(d.) None of these . J .■? 

34./' Let A be a closed subset of R, A #,% A // 

■ ■■ ^ * /.;/ 

Then A is ^ jfel&t. I •</ \ 


(a.) the closure of the interior o 


dor of A | 


h (b.). a countable set. jf/ 

fA (c.) a compacty^^I®|fe •' h 

fe: . //. 

p5^ Let E c k, 0) |jji and $ denote 

I: the following condf®^: |f' /./ '. . 

Ik .. . _ . igv W *■/ 

p E is infinite // 

WK y .. *3j|« . . . f*f- : 

P E is bounded ft| f J : 

p E is closed ’V y 

t X&yrfs necessary for E to have a limit point 

H (b^fand 2 together are sufficient for E to 

m - have a limit point 

Jjl- (c.) 1 and 3 together are sufficient for £to 

E fe havp a limit point 

ddtff :is sufficient for every limit point of E 
to belong to E 


s, \ 38. Let 50(0,1) . Then decide which of the 

CV< • 

following are true. 

* \ (a-X VmeN, 3«eN s.t. s>min 

^ \ : y i . ■ . 

X. >:h(b.) VmeN.sneN si. s<m/n 

* / '• (c.) Vm e N.- 3 n e Nsi. s = m/ n 

y (d.) Vm g N, 3 n e Nsi. s = m + n 

** . 39. Let G and //be nonempty subsets of R 

where G is connected and GkjH is not 
connected. Which one of the following 
/, ’ statements is true for all such G and H ? 

// (a.) If Gr\H = 0, then H is connected 

::./ . 

(b.) If GnH = 0, then H is not connected 
(c.) If G n H * 0, then H is connected 
yJ^L) If Gr\H * 0 , then H is not connected 

Let 5be a nonempty subset of R. If it is a 
finite union of disjoint bounded intervals, 
then which one of the following is true? 

(a.) If 5 is not compact, then sup 5 £ S and 
infiSgS 

XJb^-Even if sup 5 e S and inf S e S' ,5 need 

not be compact 

r 

(c.) If sup S <= S and inf 5 e S ,then S is 
i compact 

(d.) Even if 5 is compact, it is not necessary 
that sup5 e S and inf5 eS 
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.Sequences of Ren! Numbers 



ASSIGNMENT SHEET - 3 


. The sequence a n = ^A'n' + >7 + 1 - n is 

(a.) convergent for all real values of A 

(b.) divergent for all real values of A 

(c.) convergent for exactly one real value of 
A 

Jyk) Convergent for exactly two real values of 
A 

The least upper bound of the sequence 

L i\ 


(a.)0 

(b.) _! 

(4l 

(d.) None of these 


'"'X,. \/\ ^ (c.) Converge to -1 

, (d^rNone of these 

\ \ 


Define a sequence s„ by $ n = ^- 


t=1 yn -rk 

the limit of as n tends to infinity 
(a.) is 0 
' ,(b.-)is 1 
(c.) is oo 

(d.) doesn’t exist 

Let {a;} be a real sequence. If sequence of 
even terms of {x n } converges to 1 and 
sequence of odd terms converges to - 1 . Then 
“'\the,sequ'ence {x n } will 

.. (a.) Converge to 0 

^ '(b.) Converge to 1 

't. 

V ( r* A tA _l 


Let {a n } and {b n \ be sequences of real ... 
numbers defined as a, = 1 and for n S 1,V. 

■y _ \ NN.W 

&„= a - “" .Then 

a v VN-~ 


(a.) {a,,} converges to zero and feNis,, a'' ^ 
Cauchy sequence f 


, Jbr) \a n } converges to a non-zerolumber and 
j is a Cauchy sequence ’% ** 

(c.) {a„} converges:!*) zerq^indj^} is^not ff 
convergent sequence ,// •' 

(d.) {a,,} converges to a non-zero number and 


{b „} i^ndf^birS^g^&quence .// 

Which of the'vfollpwing^quencd/ (a n ) is 
monotonic: '^mk S' 




Let*-** ~ ‘r^i'in'k ‘ ^ en sec l ueilce {^ } 

-_(arfconverges to a finite number 
(b.) diverges to oo 
(c.) diverges to -oo 
(d.) oscillates 

Consider the interval (l~,l)and a sequence 
KCl of elements in it. Then, 

(a.) Every limit point of [a n ] is in (-1,1) 
kj&’f' Every limit point of {a n } is in [-1,1] 
(c.) The limit points of \a n ] can only be in 
{- 1 . 0 , 1 } 

(d.) The limit points of { a n } cannot be in 

{- 1 , 0 , 1 } 

Consider the sequence 
4,0,4.1,0,4.11,0,4.111,0,.... 


(b-) ff J+2 =“k+a„ +1 ) , where a, <a 2 and 


o,, a 2 are given 


cX.„ = 


ab 2 +al 


^ V a +1 

0 < a, <b and a } = a 

(d.) None of the above 


■v- n , where a > 0 , 


(a.) converges to 4^- 

(b.) is divergent 
(c.) is unbounded 

(d.)is not convergent and has supremum 
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Sequences of Real Numbers 


Let x„ = 2 2n \ 1- 


for all n elf.' Then 


the sequence {x n } 

(a.) does NOT converge 
(b.) converges to 0 

\Jp$ converges to ^ 

(d.) converges to 

Let p (x) be a polynomial in the real 

pin') 

variable x of degree 5. Then lim—— is 

2 " 

(a.) 5 

(b.) 1 

(d.) CO 

If o <c<d, then the sequence «„ = (c"+ d" 

(a.) is bounded and monotonically decreasing^ 
(b.) is bounded and monotonially mcre^ing^ 

(c.) is monotonically increasing}^ "Lu^ 

unbounded for i<c<d v 

(d.) is monotonically decreasing,- but 

unbounded for 1 < c < d \ 

The limit superior and the limit inferior 1 of the 


15. For each positive integer n, let a n be the 
number of points of intersection of the graph 

y = sin x with the line y = — . The sequence' 

n 

R} is 

(a.) decreasing 
(b.) constant 
(c.) converging to zero 
^d^diverging to infinity 



16. ''s.The, value of lim 


0, Vi,is.. 

V; ^.) . +g - 

v:\\> B 

(b.> .e° ,+flj+ " +a " 


a, + a, +... + a„ 


a i a 2> —-> a n 


a\ !x +ai x + . + a]! x 


following sequence ((-1)" 1+— > are 




‘ . v--. i 

l '%W’ "*$ 


(b.) 2 , -l 

< c -) // 

(d.) i, Iff 0 . 

Let {4} and {^j^e)Jbquenees of real 
numbers such that 4’^H* and c n = a,„ +1 . 
Then{a„} is convergent if 

(a.) implies {4} is convergent but {c„} need 
. not be convergent 

(b.) implies {c„}is convergent but {4} need 
not be convergent 

(c.) implies both {4} and {<?„} are convergent 
<&)Tfboth {4} and {c, ,} are convergent 


17. ,7 Let (x„)be a convergent sequence and (y n ) 
// be a monotonic sequence. Then (x„ • y n ) 

'V ■ 

/V, . ; (a.) Always converges 

(b.) Converges if (x n )is monotonic 
(c.) Converges if (x„y„)is monotonic 
\ j^Converges if (y„) is bounded 

18. Consider the sequence {/ n }«eN with 

l„ This sequence 

n+1 2 n 


increasing and bounded 
(b.) increases to co 
(c.) decreases to 0 
(d.) decreases to a positive number 

The sequence {£„}, where = l+i+i+... 


(a.) A Cauchy sequence 
(b.) A convergent sequence 
rjp^Ganiiot converge 
(&) None of these 
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20. The value of limis 

k=\ -Jn' -f-A?? 

(b.) 2 V 2-1 
(c.) 2 -V 2 

(d.) ~(V 2 - 1 ) 

21. Consider the sequence {u n }of real numbers 
where a , > 1 and a =2 ——, w > L Then the 

sequence {a„} is 

(a.) bounded but not monotone. 

(b.) not bounded but monotone 
.yerfboth bounded and monotone. 

(d.) neither bounded nor monotone.^ -. 

22. Let (a n ) be a sequence of real numbers define v 

.v \ b„ and c„ as \ 

b„-n' h rational terms in (a n ) , c n - n' . 

irrational terms in (a n ). 

\ \ % 

Then , \ 

(a.) (b n ) and (c n ) both are subseque^ce>qf\ 

( fl «) Jjfc . 

(b.) Both <b„) and (c„) may ; fail 

subsequence, of (a) J N 

/y' 

v (^TAt least one of (b n ) and {c,,} is always a //' 
subsequence of,(a n ) g|^ J /// 

(d.) None of the a&oye &X // 

23. The largest term ''Nan, , sequence 

1000" „-ur^-%- - 

, ^ '’MSife i:i ' 


Let {a;} be an unbounded sequence of non¬ 
zero real numbers. Then, 

(a.) { 4 } must have a convergent subsequence 

(b.) {*„} cannot 
subsequence 

have a 

convergent 

is*Xr} must 

subsequence 

have a 

convergent 

(d.) |—| cannot 

have a 

convergent 


. . . sequence 


(b.)is x im ,y iff // [ 

(c.) is x v § ,y 

(d.) does not exist ( // . 

Let the sequence {xjr%f./real numbers 
converges to a non zero real number a and let 
y n =a—x n . Then max„^ {x n ,y n } converges 
to 

(a.) a always 
(b.) 0 always 
,(c^max{a,0} 

(d.) min {a, 0} 


•, v x -e„f'subsequence. 

26.. Xtet jo,,} be a sequence of real numbers. Let 
, for « = 1,2,... Which of the 
"' following is always true: 

\"S, H 

\y x yayif { 4 } converges, then {a lt \ converges. 

‘"“V i 

, '“'NX (b.JIf {a n } converges, then {b u } diverges. 

XN. (c.) If HI converges, then {£„} converges. 

XX"'"" (d.) {«„} is a subsequence of {&„}. 

2-7. x„, = y ;r„, x„ = 1. The sequence {*„} 

* i) ■' ^ 

//.’ (a.) diverges 

.// (b.)x„ is monotonically increasing and 

7 converges to 0 

■/ (c.) x„ is monotonically decreasing and 

converges to 0 
(d.) none of the above 

28. Let {x n } be sequence of real numbers such 
that lim(x n+1 -x n ) = c , where c is a positive 

real number. Then the sequence j . 

(a.) is NOT bounded 

(b.) is bounded but NOT convergent 

(c.) converges to c 

(&) converges to 0 

29. If { a n ) is a convergent sequence then 

ir-*co 

(a.) co 

(b.)l 
(c.) e 
, (d^T 










































Suppose a>0. : . Consider the sequence 
a n - = n{tfeti -rfa}, n > 1 . Then 

(a.) iim a n does not exist 
(b.) lima„ =e 
(c.) Iim a n - 0 

>7—>y: 

(d.) None of the above. 


31. 

lim 

f-1 

f 1 ) 3 

'iT . 

Is' 

+ 

—.—4 



h) 

UJ 

aJ 

V n ) J 


(a.) 1 
(b.) -l 
(c.) -e 

Given 




a.,a 2 & -v -n e N 


= 1 — Vi +“ V 2 • Th en Hm a n = 
n) n 


(a.) 2(a 1 -a l )+a l e~ x 
(b.) 2(a l -a 2 )e'+a 2 
(c.) 2 (o 1 --a 2 )e' 1 +fl, 
(d.)2(« 2 -a 1 )e- , +o 1 






(a.) wlog 1 + 


|frlas£N| 



(b.) (« + l)log 1 + -—- ^lasn^co 

•: .V f 

' f n * 

(Ci) « jfogf 1 as ^ 


(d.) n log[l fewp- ao /, 

If {*„} and {y n } are^ieqnences of real 
numbers, which of the follov&ng is/are true? 

(a.) limsup(x fl +y„) < limsupxlimsup y „ 

ff ?r /i 

(b.) lim sup +y„) £ lim sup x H + lim sup 7 „ 

» n n 

(c.) lim inf (*„ + y n ) < lim inf x„ + lim inf y ■ 

w n n 

(d.) liminf (x„ + y„)> lim inf *,,+lim inf y tt 


Sequences of Real -N limbers 


35. • If (a n ) is a sequence of real numbers such 

that for some / e R, define a set 
K - {/? e N :a n <£ [l-sj + s), \/ e > p} if K is 
bounded, then choose the incorrect 
(a.) / is a limit point of ( a r ) but (a^may 
fail to be convergent 
(b.) (a n ) is monotonic. 

(c.) {a n } is a Cauchy sequence 

(d.) (a n ) is bounded but need not be 
■ t ‘^ convergent 

36. "H^Lct and (b n ) are two sequences. Then 

= choose the incorrect 

'SX {a„+b n ).r> and (a„-b n ) are both 

- x ”\ \ " convergent. Then (a„) and {b„) are 

convergent 

(b.)If { a n -b n ) and (-M are both 

vl 

^ convergent. Then (a ) and (b n ) are 

convergent 

t / 

fj. (u„+b„) and { a n -b n ) are both 

Jc f;:,’ • convergent. Then (a„) and ( b n ) are. 

ff.v . • convergent 

/ A^dtjlf {a„+b n ) and ( a n -b„) axe both 

convergent. Then < a n .b n > convergent 

37. Which of the following are null sequences 

L^) |a"}:|a|<l 

(4) (VJ:* e N 

38. Which of following is/are Incorrect statement 

(a.) Every sequence contains a monotonic 
subsequence 

'•^Jb^'Every limit point of the sequence is the 
limit of the range set of sequence 

a sequence has a unique limit point 
then it must be limit of the sequence 

ij(drfThe set of disjoint open intervals in R is 
an uncountable set. 
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Sequences of Real Numbers 


I 


39. Let j X; j and {■>, j be two sequences of real 
numbers such that .r. < y n < x r ^ 2 , n = l, 2, 3. ... 

(a.) { y n } is a bounded sequence. 

(b.) {x n } is an increasing sequence. 

(Cj,y{x a } and{y,} converge together. 

(d.) {v (( } is an increasing sequence. 

40. Let {a n ) be a sequence of real numbers 


42. If {a,} is a sequence of real numbers with 

limsup a n -\, then 

(a.) Set of values taken by {a M } is not a 
finite set 

(b.) {a n } is convergent 
(c.) {g,.} is bounded 
, j'rLJ {a r ) cannot diverge to +co 

43. Let .v 1 =0,a- 2 =1, and for n > 3, define 


-. Which of the following 


defined as a. = 


-1— n is even 


1+— n is odd 
n 


ds/are true? 


{x„} is'‘a monotone sequence. 


Then which of the following is correct: 
v (a.')' (a„) is oscillatory 


V ’^:„ S, 

\ (p.-) }x„} is a Cauchy sequence. 


(b.)If lim inf {a„) = a and lim sup (a n )~\ " N yl.. 
then a„ &(a,b) for VneN \ \ ' 


(c.) 5 - (lim a fl4 : (a,,) is a conVer^n^ 
subsequent of {a n )} is finite Mk?. '■*&****’ 


(d.) None of these 


W" i 


41. Which of the following is not possible about /? 

/_ \ • i '-‘V ' 

t j^) ^ n is convergenf%t ;;v {aj is 
convergent * ff 

(bOd^j) Is'convergent. »t (a,) is non 


pfj 

convergent ft 


X m m /■( ■ 

^(c..){«„) is convergeiify&ut (|a/|) is non 


JdO 


convergent 
ONone of these 


%ifs. ? -i 

m n 


_(d.) lim / ,_ >co x„ = — 

lim 1 ( 1 i 1 | 1 | 
■\/w v>/2 +-J4 -J4+-J6 -J2n 4- -j2n+2 j 


r .. L; ( a ) ^2 

(c.) V2 + 1 

(d) ^T 

45. Let =£* =1 - - Which of the following is 


S 2 „ >-| forevery «>1. 
(b.) is a bounded sequence, 
(c.) k„ -S^J-9-0 as »->». 


(d.) — 1 as « ->• 00 . 

n 
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ASSIGNMENT SHEET-4 



1 

■ p ^ - JJ 


T , . 11 + 2 1 + 2 + 3 

1 hp c’lirn nr thp cptip 0 1 i 

If b ~ - 


it n is odd 


J. HV-' l>L 4111 VI IIXW/ OGIiVO 1 

1! : 2! 31 

pmia1<5 


— if n is even 

U 

Then 

(a.) Both (b n ) and ^b a are convergent 
(b.)Both (b n ) and ^b n are divergent 
) is convergent but ^b n is not 
(d ) is convergent but {a n ) is convergent 

Consider the sequence - > and the 

series Y v ' • . Then ^ 

ti n 

% 

(a.) the sequence converges but not the'" 
series. < 

(b.)the series converges but not % the 
sequence. 

(c.) neither the series not the seqhepce' 5 
■/ converges: 

oj(d^rhoth the series and the .sequence 


(a.) e 


(b-)f 


, \ 3,e- ; 


(d4i+- 

\V \ 2 


>6. '%Let.- {«„}-- be an increasing sequence of 

X '"'--positive real numbers such that the series 

Xn„ • "'E a ** s divergent. Let S„=2-*a k for 




converge. 




as /i 




(bo) 


(c.) Y«g„ is ccmveSjjng jjjjf .4’ 
n=1 miff /./. 

(d.) The sequence {a*,}, hnd {%} are 
convergent. ^ "• 

The series ^|^ Z r+(--l)"” 3 | is 

(a.) Convergent 
(b.) divergent 
(c.) oscillating infinitely 
J&JjJS'cillating finitely 



n = 1,2,.... and for w_2 > 3s — 

*= 2 S k-\ S k 


Then limf„ is equal to 


Which of the following conditions does NOT / 
ensure the convergence of a real sequence / 

W ? - to*. 


>.(*) — 

G, 


_r ( a i +a i) 

(d.) «i+a 2 

In each of the following cases, which of the 
series is absolutely convergent. 

w 

n=l ^ • 

(d.)None of these 

Let {a;} be a sequence of real numbers so 
that - t| = c, with c finite. Then 

17-1 

(a.) {a„ } may not be bounded 

must converge to * 

(c.) {*„} must converge to x+c 

(d.) {*„} is bounded but not necessarily 
convergent. 
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Let JX and be two series, where 

,, (- 1 )" ” h = _tll— for all « = N . 

• fl '“ 2" ■" log(» + l) 


(a.) both J^a n and J^b„ are absolutely 

n -1 

convergent 

(b.)--ga K is absolutely convergent but £&„ 
is conditionally convergent 


Series of Real Numbers 


12. If the terms of this oscillating series ar 

J , 2 2 +1 2X! 2%, 

grouped pairwise :>— 2 ~ -■?.. 

then the resulting series becomes 

(^Convergent 

(b.) Divergent 

(c.) Oscillate finitely 

(d.) Oscillate infinitely 

13. Which of the following series is divergent? 


cc ^ 

(a.) £^sm- 


r- . -if 1 

n sin —r 


( c .) J^a n is conditionally convergent but 


3> 

]T b n is absolutely convergent 


X,.. -(c.) £>tan 

l-~si X; ,r *N. n=l 
* \. X. \ *•*, 

V- \ 

. (d.) £ tan_ 

■Uy \ x \ n= i 


(d.) both YX and are conditionally \ n=i U j 

n»l "“I '• x ' 

convergent C'"'.■»•>. 14. The largest interval in which the series JY 

\ V'— »-l 

CO \ 

We are given a convergent series JX ’ N converges 

X;-..,. \.(pd For xwith — l<x<l 

where u„>0 for each n . Which y .11 

following correctly describes the behavior^f (b.) For x with 2 <• 2 


the series £ 


K, i 


<p<2? , , 


(a.) Diverges when p = 1, but converges for 

P e (U 2 ] 1 /: 

-lx .x 

'6*5 Converges for every: ' 

X XL ~' Vi < ’ -y.y / 

(c.) Diverges when , but converges 

■ 

f5 T “ 

L ftt H ■ 

1m /./ 

(d.) Diverges for every p e[l, 2] ff . , 

./■/ j 

11. Consider the series * ^ en 

yjn tu n 

(a.) both the series converge to the same 
value. 

(b.)both the series converge to different 
values. 

(c.) both the series are divergent. 

(d.) first series is divergent and second series 
is convergent. 


(c.) For x with -2 < x < 2 
(d.) For x with -^<x<~ 


15. The series 

iLlY’ 

T 1 


y 3 Y f4 4 4 


T 2 j 13 3 


— +... is 


v^a-Tconvergent 

(b.) divergent 

(c.) oscillating finitely 

(d.) oscillating infinitely 

2V'3V 4V is 
16. The senes * + “^T + ~'“JT 

convergent if 

(a.) 0<x<- 
e 


(b.) x~> — 

(c.) -<x<- 
e e 


(d.) -<x<- 
e e 
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Series of Real Numbers 


Consider the following statements: 


*-c ; . • . ■ . . 

1. If Yj u n is a series of positive terms, then 


The'series to <=o is 

1,4 2.5 3.6 


the convergence of (-1) • u n implies the 


convergence of '£u„. 


(a.) Convergent 

(b.) Divergent 

(c.) Oscillating 

(d.) Converges conditionally 


2. If is a series of positive terms then 


jr-- is convergent for 

"■h+i) 


<x> ' 

the convergence of implies the 


convergence of 'JT (-!)”«„ 






3. The convergence of ]Tw n (u n > 0) v 
implies the convergence of 


t-c.) ^- 


(d.) All values of k 


Select the correct answer using the co^es’s^N^"* 
given below \ 

(3)>ahd 3 V V 

(b.) land 3 \\\ 

(c.) I and 2 


lira J---is 

3«+« 


/V (a,)" log 


(b.) log- 


.) 1,2 and 3 


7(e ) log | 


Let the series jTu n has bounc 


d'i 7- 


(d.) log^ 


series, then the series: Y u 


>nver|ent if 


the sequence {v n } is 




Y— -« :a > 0 

(« + «)" 




id conv<MB!'to zero 7 


(c.) Bounded and ObhyergCsfO zero// 


(d.) Bounded and 1 mfnotoml which 24. 

converges to zero, ft ./•/ 


(a.) Converges for all a > 1 
(b.) Converges for a > 0 
(c.) Converges for a > 0 
\j(€h)Div for all a 

Which of the following series are 


convergent? 


If p is a real number,’ the series 


tin 2 +3 


—+—+—+—-+.to co is convergent for 

1 -p 3^ $p *yp 


% 5n 3 +7 


(a.) P > o 






(c.) p> 2 


VJ-efTY- sinf- 


\n 


fd.'l 27 <1 


(d.) None of these 
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25. Consider the sequence of rational number 


k 1 

la ) where Q k = Z— T i.e., the sequence 

Yikhi i „=i 10 


Using the fact that 
equals 


X' — _ _ 1 

6 


is q^X q 2 =.1001, q, =.100100001 etc. 

Which of the following is true? 

(a.) This sequence is bounded and convergent 


(b.) This sequence is not bounded. 

( c ) This sequence is bounded, but not a 
Cauchy sequence. 

his sequence is bounded and Cauchy 
but not convergent in Q 

26. Let 2 .-} be a sequence of real 


(c.) 8 




7'TiOk out.., the series which are absolutely 
convergent: 


numbers. For any k>\, let s n ^-± J a 2k >* 

k~Q 


- C ° S 2 nK - where ael is a fixed 


real number. 


*=° \ . 

Which of the following statements are \ v x \ 

'S>. 


correct? 


,, v-V/ , Y nlogn 


(a.) If lim s„ exists, then £ a m exists. 


V v - 

•V \ 




(bXlf lim s n exists, then 

n-*<*> . ,■ m-0 p* 0 ** 




(c.) If £ exists, then lWs„ exist% 


4 




M,)If £«„ exifc, tH^n,?ii^ 

^ . m=0 • **4%*sf ?■/ 


27 . ' If con f^l® nt » the^' which 


(d.) None of these 

If Z«„ is series of positive & negative term 
and are series of negative & 

positive terms respectively and if Z c « 1S 
conditionally convergent then 

(a.) Y,Pn is convergent but Z*» not 
(b.) is divergent but Z^« not 

(e.) Z P" & Z botb are convergent 

& S«- botb ^ divergent 


Choose the correct answer, where a„ > 0, 


of the following is NOT ture? 


■'.» 'Sim® / / 

(a.) Z a '»“ >0as V 


CO 

(b.) Z««rinn is convergent. 

n -1 


^aq)'tf Za n is convergent then X<z n 2 I s als0 
convergent 

(b.) If Xa n is convergent then X^/Z * s als0 
convergent 


•^flf Xa„ is convergent then ^^ta ' 1S 


co 

(c.) is divergent. 


convergent 


is divergent. 


“'L- 

^fl£)If Xu, is convergent then X— 
(provided a n ^ 1) is also convergent. 








































Let be a series of real numbers. Which 

of the following is true? 

(a.) If ^x n is divergent, then (x„) does not 
s 

converge to 0 

x oo^ 

(b.)If ]Tx n is convergent, then 2X 1S 

n=l 

absolutely convergent 

^x n is convergent, then -».0 as 

n —> oo 

(d.) If x„ -> 0, then Jx K is convergent 

*=1 

If La„ be a convergent series and a„ > 0, 

Vn g N then the correct statement: 

_>:) E v 'a„ is convergent . 

? . . 's X. 'S 

(b.) Zaf t is convergent 


2^- is convergent N 

n 

(d.) None of the above \_ 

S \.-y^ 

Let (a n ) and (b„) be two sequences ofiqreal 
number such that a n =b„-b n ^ f° r 
Then > . 

(a.) Convergence of 2a„ implies _ 

.: • convergence of (& -) not conversely gg 

(b.) Convergence of La„ implies the 

convergence of £&„ but nqfCoh^sely? f- 

i (q^tjonvergence of implies and ifiiplied ; 4 
by the convergence of J // • 

(d.) Convergence If 


'1111 ^ 

(c.v-+-+. to 00 

..2 3 4 5 

, (di) x + x 2 + f r.x 4 + ..: to a c»,where |x| < 1 

37. Select the incorrect statements ’ . 

(a.) Finite set has infinite number of limit 
points 

(b.)The sequence 1+r + r^ + ...+/-% where 
-1 < r < 1 and « e N is bounded above 
but not bounded below. 

(c.) If u B > 0 -v- n then & X“ 

converge or diverge together 
" .(di)-Set of real number except the integers 
\ ' > which are multiples of 2 is uncountable 

, v -i' -...set’. 

3 ^; -The set of all positive values of a for which 

the series V --tan -1 - converges, is 
\\ tfU \nJ) 


'CS.v 


(a-) 0 ,| 


(b.) i 0, | 


(c-) f, *> 


(d.) Ioo 


39. Let S be the series 


and T be the series ^ 


(±L 0 

3k 3 
3k + 2, 


4 - 

trif w ■■ ■ 


by the convergence of 


The alternating series .^( 7 l)" w„ converges 

- if {w„} isa/ah ; ij|| 1jlf // 

^^Decreasing sequence which converges to 
zero f . 

{b^Tncreasing sequence which,converges to 
zero f% /A. 

\j£(j Monotone sequence'which converges to 
zero 

fd>5trictly monotone ’ sequence which 

converges to zero 

Which one of the following series is 

convergent?. 

to 00 


of real numbers. Then which one of the 
following is TRUE? 

(a.) Both the series S and T are convergent 
(b.) S is convergent and T is divergent 
(c.) S is divergent and T is convergent 
(d.) Both the series S and T are divergent 
40. For n>l, let 

{n2~\ if n is odd 


" [-3“", if n is even 

Which of the following statements is (are) 
TRUE? 

(a.) The sequence {«„} converges 
(b.) The sequence j|a„ f"| converges 

YP ' . 

(c.) The series ]T< 2 n converges 


(b.) ii-'f'r'r. t0 00 


(&) The series Y \a„ \ converges 
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f unction and their Properties 


If /(,) = l/(l-;r),g(*) = /[/(*)] ™d 
A (*) = /[>(*)] . then what is 

f{x)g(x)h(x) equal to? 

(b.)0 

(c.) 1 

(d.)2 


x y - y x 

What is the value of lim —-—~ ? 


*-»}' x' - v 


2 n+] _|_ 

What is the value of lim- : — ? 

«->«> 2" + 3 fl 


(a.) 1/3 
(b.) 1 

-M3 

(d.)co 


, 1 + hv 

(a.) -- 

1 - In y 

1 + In v 

/ —l + ln_y 

(e;), - 

V< 1 + In y 


-1 - Ih^ 
1-lnjp 




What is the value of lira 

A-»0 

( a .)0 

J&) 1/2 
(c-)2 
(d.)e 


e x -x-\ 



%#'• I 




smx „ 

Assertion (A): lim —-- U 

sinx . r 1 

Reason (R): lim-= hm sin x lim - 

x *->« X-*9> X 

(a.) Both A and R are individually true and R 
is the correct explanation of A 

(b.) Both A and R are individually true but R 
is not the correct explanation of A 

JpiJ A is true but R is false 

(d.) A is false but R is true 


If D is the set of all real x such that . 


■ r pi 

/(*) = 1 -W fcjs positiv 




lim {sin(l / x) + cos(l / x)} - ? 


D equal to? 

(b.) 

(c.) (l,oo) 

(d.) (t—OOj 1 ) 




(a-)0 


(c.) e 

Which one of the following functions is not 
well defined? 


„ (x+3sinx-x -#SinKx) , - : —- 

If - • "o" 1 ~ j - exists (a.) J(l + sinx) 

X-+9 1-cosx + x 2 ~3x 3 * 

then what is the value of kl J&f'j (5 sec 2 x-4) 

(a.) -1 r -— 

(b)2 (c.) V(3-cos 1 ) 

(C ' } 3 (d.) L 4 +^+—1 

(4)4 i WO J 
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Function and their Properties 
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Which one of the following graphs is the 
correct graph of the function jk(x) = x. ln(x) 


13. Given the following limits: 


, . r sin.r 
1. hm-= 1 


(a.) X' 



2 . lim 1+- =1 

X 


3 . lira log ( x + 1 ) _, 



Which of these are correct? 


(a.) 1,2 and 3 
Jbff 1 and 2 


i and 3 


(ii.! 2 and 3 



| 4 /jf / (x) = " " jc ^ 5 then the domain of 

» v ‘ ; x+5' 


/” l W»is 




(a.) R 

(c.) (-co,l) 
(d.) (l,oo) 


i5. y, lim (4* + 5*)* equals to 

; r—>ao' ' 


What are the value of a & b respectively. 


/ \ t % 

sin ax - In e x cos x I f 

if lim - J ; 

* sm %. 2 '^|§^ .p 


(a.) 4 

W5 

(c.)e 

(d.)5e 


„x . -x 
e +e 


is equal to 


m i; 




gpi 

«§§ 


( d-) -!» ~ 


^SpS* S 


Assertion (A): e x cannot be, 
sum of even and odd fun6tilns ; / 


.expressed as 


Reason (R): e x is neither even nor odd 
function 

(a.) Both A and R are individually true and R 
is the correct explanation of A 

(b.) Both A and R are individually true but R 
is not the correct explanation of A 

(c.) A is true but R is false 
(&) A is false but R is true 


M^fi 

(b.)-l 

(c.)l/2 
(d.) -1/2 

Let /: R-» R define g:Mr-»Rby 
g{x)=f{x){f{x)+f{-x)). 


(a.) g is even for all f 
(b.) g is odd for all / 

is even if/ is even 
(d.) g is even if / is odd 
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18. ' If a*P are the roots of the equation 

ax 2 -^bx + c- 0 , then 

1 -cos (ax~+bx + c)- w 

hm------ is equal to 

x-** (x~a)~ 


(a.) 0 




(o.) (a-pf 

S9'p a -e? 

If ]j m : Y Q " cos j O ~ ax s * n x exists and is 
finite, then the value of a must be 


I*'2 


Fmielion and their Properties 


sin 2x +a sin x 

22. If lirn- - - = b. w u 

*-+0 

sin 2.x + fl sin x . _ . 
hm.—- is iinite .then the vah 

x~>0 x * 

of a and b respectively will be 
(a.)-2,-1 

(b.)2,l 

(c.)-2, 1 
(d.) 2, -1 


lim xsin — equals 


\>.(c.) -i 

. C\\^ (d - )_0 ° 

24. Consider the following statements: if 

, r x o < x < i 


/<*) = 


3 — x 1< x < 2 



w ; 


20. Which of the following statement is true? 1 
(a.) I im i 2 i£ = 0 and HmM-. % 

*-*eo x ui x-m» ft 

’ ',' rNfeh, 4 '' / 

(b.) lim^l£ = oolSd lim§i = 0 -®v, . 7 

f W' I/" • 

(e.) lim * - 0 and: lim ^°f ’* = 0 // ' 

(d.) lim » 0 %iClim ~~ does hot 

x-**> 0.^+cc> < j % 

Iff ,-V 

21. Let /: R-> M define "1^4 Eby /' 


Then 

(a.) g is even for all / 

(b.) g is odd for all / 

(c)f g is even if / is even 
(d.) g is even if / is odd 


1 . lim /(x) = l 

2 . lim f(x) = 2 

X->1 + 

lim f(x)-2 
• 3 *->l 

Of these statements 

(a.) 1 and 3 are correct 

(b.) 1,2 and 3 are correct 

\J&. J 1 and 2 are correct 

(d.) 2 alone is correct 

0 , 6 * 0 ) is 

x->0 sin(hx) 

V^T 


(c.) a b 

(d.) does not exist 

ax+b . 
lim - is 

-T-*» cx 

\j£) a/c 
(b.)oo 
(c.)B 

(d.) none of the above 
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The correct value of lim .. ; • 

x->0 a/1 — COS X 

-f£) does not exist 
(b.) is V 2 
(c.) is -V 2 
(d.) is I/V 2 


The limit lim-- 

*-*o + x tan x x 


(a.) doesnot exist 
(b.)9 
(c.) 0 
(d.) 3 

If x and Y are two non-empty finite sets 
and /: X -» Y and g: Y -> X are mappings 
such that go f:X ->X is a suijefetive 
onto) map, then ^ 

r (aJ /must be one-to-one v 

s' $ 

cJtf.) f must be onto 

i *■***». 

v.(e.) g must be one-to-one \ 

Jxk) x and Y must have the same 
. elements. • \. 


Function and their Properties 


Consider the functions f,g\Z —> Z defined, 
by /(«) = 3 /j+ 2 and g-(;z) = /?‘-5 

(a.) Neither f and g is a one-to-one 
function 

(b.) The function / is one-to-one, but not g 
(c.) The function g is one-to-one, but not / 
(d.)Both / and g are one-to-one functions 
Let T be the graph of the function 


[l+x, -l<x<0; 
1 - 1 -X, 0<x<l 


i,. •- '*>(, . 

Then the reflection of T in the line y- 0 is 

x .■/ 

given by the graph of g(x) where 




/ (b.) g(x) 


-l+x, -1 < x< 0 
-1-x, 0<x<l 


Let P(x) be a non-constant poiypmial such* 
that Pin) = P{-n) for all neN. Then 
(a.) Equals 1 

Ob-) Equals 0 W . 

(c.) Equals-1 feA I 

(d.) Can not be determined from the given 


If * is' 

^n lr-rcx - 2cx 7 /J • 


(d.) 64 


Let /(x)=< 1 f %nd ■ define 
g(x) = /(x+l)-/(x). Then, as x-»oo, the 
function g(x) converges to 


if , , / \ f-l-x, -\<x<0 

(c >/C) = { 0 £x<l 

/• r ■' f l-x, ~i<x<o 

0<x<l 

35. Let a,b,c,d be rational number with 

ad-be * 0 . then the function / :R\Q-> R 

defined by f(x)= ax+ ^ is 

cx + a 

(a.) onto but not one-one.- 
\0>^dhe-one but not onto. 

(c.) neither one-one nor onto. 

(d.) both one-one and onto. 

36. Let / :(0,oo) -> R be the function defined by 

f (xj := ——. Then the lim/(x) 
x 

(a.) does not exist. 


^b^exists and is 0 
(c.) exists and is 1 
(d.) exists and is e 
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ASSIGNMENT SHEET - 6 


Let f :X —> X such that/(/(x)) = x .for all 
xeX . Then 

(a.) / is one-to-one and onto. 

(b.) / is one-to-one but not onto. 

(c.) / is onto but not one-to-one. 

(d.) / need not be either one-to-one or onto. 

A polynomial of odd degree with real 
coefficients must have 
(a.) at least one real root. 

(b.) no real root. 

(c.) only real roots. 

(d ) at least one root which is not real. t- 

V A .\ 

Consider the following sets of functions on 

R, W = The set of constant functions on R,\ 

X =The set of polynomial functions onR, \ 
Y = The set of continuous functions on 
Z = The set of all functions on R Which,of\.,. ; 
these sets has the same cardinality as that of \ 


6. Let A„ c R for n > l and {°» r ) be 

. [0 if x&A„ 

the function jf XG j • 

g(.v)=limsup % n {x) and 

h (x) = lira inf x» (*) 

(a.) If g(x) = k(x) = l , then there exists m 
such that for all n>m we have x e A n 

K '-,|b0 If g(x) = l and h(x) = 0 , then there exist 
iii such that for all n > m we have xeA n 

If g{x) = f and h{x) = 0 then there exists 
a sequence ft,of distinct integers 


%: 


(a.) Only W ^ 

(b.) Only W and X As* 

(c.) Only W, X and Z %»|#^ 

(d.) Only W, X, Y jfl|L 

If /: [0,1]->(0,1) is a continuous mapping 
then which of the following is NOT tru|? 


(a.) Fc[0,l] is set / 

is closed in M. ' $f/ / 

(b.)If /(0)<4g r ^^°,lf be 1 

(c.) There must exist xefO, 1) sh6h that 

/(*) = *• j | S /' 

(d-) f- ([0.1]) ^ (0,1) - ^ ff : 

In which of the followihg%^s. thbre is no 
continuous function / from the set S onto 

the set T ? 

(a.) S=[ 0, l],r = M 

(b.) S = (0, l),r = M 

(c.) s = { o, i),r=(0, i] 

(d.)5 = M,r = ( 0, 1) 


SiHRiSsSifita.. 
f -WsSfc,, , j 


- ST% \/, v such that x e A for all k> 1 

ort*** \ >- 

R ; \ (d.)If g(x) = /i(x) = 0 then there exists m 

S-L. \v^ ,7 such that for all n>m we have x<bA„. 

i of\ c __ : 7 . /. Let / be a monotonicly non-decreasing real- 

L ( °f fj valued function on E.Then 

.7' lim /•(*) exists at each point a 

/T 

f/f (d.) If a < then lim /(x) < lim fix) 

/,/ • •' i, ■ v / x-*a+ X-+* • 

i // (c.) / is an unbounded function 

!i7 >' '' 

ling 7 (d.)The function g(x) = e' /U) is a bounded 

// : function 

( 5l /; 8- Let /: R -> E be a strictly increasing 

$!/.' continuous function. If{«„} is sequence in 

: be \ [0,1] then the sequence {/(a B )} is 

(a.) Increasing 

that , ' 

(b.) Bounded 

(c.) Convergent 

(d.) Not necessarily bounded 

s no / \ r 2 i 

onto 9. Let /:R->Rbe defined by f\x) = ix j . 

The points of discontinuity of / are 

(a.) Only the integral points 

(b.) All rational numbers 

(c.) {±Vn: n is a non-negative integer} 

(d.) All real numbers 
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A monotonic function 

(a.) Is always continuous 

(b.)Is continuous only if it intermediate 
value property 

(c.) Can be nowhere continuous 

(d.)Can be discontinuous at finitely many 
points 

Which one of the following functions has 
exactly two points of discontinuity? 


(a.) /(*) = 


(b.) /(x) = 


(c.) fix) 


(d.) fixU 


1 if x > 0 
0 if jt < 0 

1 if 0 < x < 1 
0 otherwise 

x if 0 < x < 1 
0 otherwise 

1 if x is rational 
0 if x is irrational 


Continuity 


15. The continuous function /: M —> ]g> 

defined by / ^x) - (V 4-lj is 

(a.) Onto but not one-one 
(b.) One-one but not onto 
(c.) Both one-one and onto 
(d.) Neither one-one nor onto 

16. Let f : M —> R be a continuous function. If 
/(Q) Q N > then 

,... _(aO/(R) = N 

(b.)/(R) cN but f need not be constant 
\ A- -,.(c.) f is unbounded 

V\V "■*' // ■ V 


Let /: [a, b]-> R be a continuous function \ s%> 
and let f(a)< fib) . Then by intermediate \ 


value theorem 


(a.) /([a, b])=[f(a),fib)] 
(b.) f([a,b])^[fia),fib)] 
(c.) /([fl,6])c[/(a),/(b>] 
(d.) f{[a,b])*[fia),fib)] 


l ,00% 


v ' W J/ L * 7 7 ^ J J 

Let /: R -» R be defined by '(f (t) = r^grit let 
V be any non-empty open subset of R .Then . 
(a-) •f(U)a opent| ih if ' 1s %g£ v 

(b.)/- , (C/)isopen ; , ‘ - 


(c.) /({7}is closbd-?III * 

(d.) /“^|^tl||ft||d /•••'i 

Let /:[0,l]—»3R be The pontimious 
Ao&noA Kx, siMt— ~ ^) 


function defined by /SB — &~ . V «—-^-L 

% (r 3 )(*- 4 ) 

.Then the maximal subset W M on which 
f has a continuous extension is 

(a.) (-co,3) 

(b.) (-oo,3)u(4,oo) 

(c.) M \ {3,4} 

(d.) M 


a /d.) / is a constant function 

V /:,, K \ x i7* Let / M be a monotonic function. 

\ xhen 

\ y \ 

i 1 ,,, (a.) / is continuous 

ite 

- (b.) / is discontinuous at at most two 

... T points 

%f\ / ■ (c.) f is discontinuous at at finitely many 

/ / . . 

w , p° mts 

/■? i: (d.) f is discontinuous at at most countable 

fi /.* . 

I /f. points 

[et // 18. Let /:[0,10) —> [0,10] be a continuous 

n /■/. mapping. Then 

//. (a.) / need not have any fixed point 

(b.) / has at least 10 fixed points 
(c.) f has at least 9 fixed points 
(d.) f has at least one fixed point 

us 19. Let S = [0,l]u[2,3) an d let /:S->K be 

1 , _ , . x f 2x / xefO, l], f 

\ defined by /(x)=T L If 

) 3 > (8-2* if xe[2,3). 

-h T - {/(x): x e 5}, then the inverse function 

f-':T-±S 


defined by /(x)~ 


(a.) does NOT exist 
(b.) exists and is continuous 
(c.) exists and is NOT continuous 
(d.) exists and is monotonic 
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Let / be a continuous function from [0,4] to . 2 

[3,9]. Then 

(a.) There must be an x such that j (x) = 4 

(b.) There must be an x such that 

3/(x) = 2x+6 

(c.) There must be an x such that 

2/(x) = 3x+6 

(d.) There must be an x such that fix) = x 

Let / and f 2 be two real valued functions 
defined on the real line. Define two functions 
g and h by g(x) = inax{/(x),/ 2 (x)} an( ^ 

Ji(x) = min [f (x), / (x)} -Then * 

g{x 2 ) + h(x)' +3 gix)h(x) \ 

= f( x f+fAx) 2 +3fix)f 2 ix) holds for all S 

E X***.,. 

i, \ ■%, 

X. \- v. 

(a.) Always 

(b.) Only if / (x) = f 2 (x) for all x in E X " 

(c.) Only /, and f 2 are both positfye^^ 

functions or both negative functions \ \\ 

(d.) Only if at least one of the function// 

and f 2 is identically zero. * ; 

Let / be a strictly monotonic continuous^ 

real valued function defined on^a,b] s^ch^ 

that f(a)<a and f(b)>b. Then which one 

of the following is TRUE? I U 

(a.) There exists exactly onf'ce(a,b) such // . 

that /(c) = c $;i X } :/:• 

,{S&, Mlv i . if 

(b.) There exist /"exactly two pomts 

■d,C 2 e(a,bf* ;-@|^at 

, 7(c,) = c ( i ! = 1.2 ^ / ... 

„ j:,.* 

(c.) There-, exists .fro j -c'e.\a,b) such that 

L ||f // , • 

(d.) There exisf^finitefy many points 
c g (a,b) such - c// 

Let X and Y be two nMjmpfy'sets and let 
/ :X Yv g : f -» X b|%vo 7 mappings. If 
both / and -g are injective (i.b T , one-to-one) 
then 

(a.) X and Y must be infinite sets. 

(b.) g=T' always. 

(c.)One of f og:Y->X and gof:X->Y 
is always bijective (oneTo-one and onto). 

(d.) There exists a bijective mapping 
h:X-+Y 


24. Define a function / on the real line by 
/(x) jx-U]-I if X is not an integer, Then 

0 if x is an integer 

which of the following is true: 

(a.) / is periodic with period 1, i.e., 
/(x+l) = /(x) for all x 

(b.) / is continuous 
(c.) / is one-to-one 
(d.) lim fix) exists for all a e E . 

' X x-*a ‘ 

25/x>^, -> E be a function such that 

for a11 X:> ' gS and 

C-ffix) = 1+xg(x) Where limg(x) = 1 - Then the 

'*''*>* 

function fix) is 

\\ V ' : ■ 

(a.) e x 


(b.) 2 V 

(c.) A non-constant polynomial 
(d.) Equal to 1 for all x e E. 

Let /:E -»E be a continuous function 
satisfying /<?/-/• Then 

(a.) / must be constant 

(b.) /(x) = x for all x in the range of / 

(c.) / must be a non-constant polynomial 
(d.) There is no such function 
Let /: [0,1] -7 [0,1] be continuous and 
/(0) = 0, /(l) = 1. Then, / is necessarily 

(a.) injective, but not surjective. 

(b.) surjective, but not injective. 

(c.) bijective. 

(d.) surjective. 

Let p be a polynomial of degree 2 n +1 with 
real coefficients. We say that a real number 
a is a fixed point of p if p(a) = a. Then, p 

has 

(a.) exactly 2 k+ 1 fixed points 
(b.) at least one fixed point 
(c.) at most one fixed point 
(d.) n fixed points 
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Define the function /: M -> R by 
^ , fari+A if x < 1 , 


/(x) = < : ' We want to find 

w [cx + L if x > 1 

appropriate values of a, b and c such that 

1. /is increasing in the interval (0. oo); 

2. /' is continuous on R . 

Which of the following is the correct 
statement about the values of [a, b,c) for 
which both conditions (1) and (2) are 
satisfied? 

(a.) (3, 2. 6) is the only possible value 
(b.) There are finitely many values of 
(o, b, c) 

(c.) (-2, -3, -4) is one of the values 

(d.) There are infinitely many values of 
(a, b, c) 


(a.) only at 1. 

(b.) only at x = 2. 

(c.) only at x = 0. 

(d.) at no point of R. 

34. Let / :M-»R be defined by 
/(x) = |x + l|-|x|, then the range of f is 

(a.) The whole of R. 

(b.) The closed interval [—1,1] 

(c.) The unbounded subset of R. 

(d.) None of the above. 

35. "‘ '-How many zeroes are there for the function 

N^|^5|x|+6? 


\ ' s. 

"*v. 


"4b.) 4 




y ~ 2 X 

The limit lim-equals 

>-->o 4 r - v 


St \ \ 
Vs. 

\ X\" 

\ 36/ 


(b-) log 4/3 l - 


i MUU, \ 
\. 


(c.) log. 





( d .)f 


h . 


ff 37. 


The equation x 2 = xsinx + cosEx is trueTbr 
(a.) no -real value ofe J f 

(b.) exactly one rdaLvalipj|L* 


(d.) None of these 

Let /(x) = cos _1 x . Then f is one-one and 

onto if the domain and range are specified 
respectively as 

(a.) [-1,1] and (~oo,oo) 

(b.) [-1,1] and (0,27c) 

(c.) [-1,1] and (0,tc/2) 

(d.) [-1,1] and [0,tc] 

A bijection is a map that is both one-one and 
onto. It is given that /: R R is not a 
bijection. Which of the following must be 


(c.) exactly two real values of ~* fj- 

(d.) infinitely many real values of x ff • 

Let //2R^Rl-^ : be'^'S<^>ntinuous //with 
/(0) = /(1) = 0.* Which qy|Jie following is 
not possible? pf ///" 


(a.) If/is not one-one, then/is not onto. 

(b.) If/is not onto, then/is not one-one. 

(c.)/is neither one-one nor onto. 

(d.) If/is one-one, then/is not onto. 

Define f : R —» K as follows: 


%. ir 


(a.) /([0, 1]) = {0} 

W 


/(*) = jsinx 


if xis rational 


ifxis irrational 


(b.)/([o, i])=[o, i) y . 

(c.) /([O. 1]) = [0, 1] ; V ' 

(d.) /([<>, l]) = [-|, I 

Consider the function /: R -* R defined by 
x f 2x, ifx is rational _ , . 


/(*)= 


[3-x, if x is-irrational 
continuous 


Then / is 


(a.)/is continuous everywhere 
(b.)/is continuous only at x — 0. 

(c.)/is continuous all rational points. 

(d.)/is continuous at all irrational points. 

Let /,g:M—be continuous functions 
whose graphs do not intersect. Then for 
which function below the graph lies entirely 
on one side of the X-axis 
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43. Let f,g: be Actions. We can 

conclude that. h{x)<f(x)^x e.Rif we define 


mm 


(a.) Both / and g are even functions 
(b.) Both / and g are odd functions 
(c.) / is odd, g is even 
(d.) / is even, g is odd 
Let F:M-»Rbe a monotone function. 

Then 

(a.) F has no discontinuities. 

(b.) F has only finitely many 
discontinuities. 

(c.) F can have at most countably man/ 
discontinuities. \ 

(d.) F can have uncountably ;---many ! 
discontinuities \ . 

Let AT be a set and tie 

' functions. We can say that fog / 

., rR .. ■*§ 

(a.) at least one of f, g is bijective.. 

(b.) both / and « arebijectivc 

(c.) f is 1-1 and £ is #|L 

(d.) / is onto and g is 1-1 |? ./.• • 


(c.) max 


LbfAL.be a non-empty set, X be a 

.function and let A,B a X . Then the identity 
f(Ar\B) = f(A)nf(B) is 

(a.) Always holds 
(b.) holds if / is 1-1 
(c.) holds if / is onto 

(d.)holds if AuB~X 

The ranee of the function 








(d.) None of these 
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The value of lim — f e r dt 
^ox * 

X 

(a.) does not exist. 

(b.) is infinite. 

(c.) exists and equals 1. 

(d.) exists and equals 0. 

Let / be a bounded function on R and 
aeR. For 5>0. let 

co(a,6) = sup|/(x)-/(a)|, xe[a-8,a + 5]. 


(a.) o)(a,6 1 )<<o(«,8 2 ) if 5 j<5 2 - 
(b.) lim 5 _^ 0+ o)(a,8) = 0 for all aeR. 
(c.) lim 5 _ >0+ co(a, 6) need not exist. 


\ 


\ NV 


' ' v . 

(d.) lim 5 _ >0+ co(a,8) = 0 if and only if / js s .^ 
continuous at a. \ \. 

Let / be a continuously differentiableX 
function on . R suppose \tjjaf “ // 

L = lim(/(x)+ /’(*)) exists. If O0&* ^then"'' 

which of the following statenjibitS' is/a|e , / 
correct?. . fj 

(a.) If Um^/Xx) exists, then it is 0 ’% // 7 * 

i.'V , VjSSk^.-., ; . ‘ 

(b.)lf lim... /(<> exists it is I. 

(c.)If exists then 


If exists f 




(d.) "^pxists if- then 

Let AqR and /f§J #R be/given by 
/ (x) = x 2 . Then / is iMformly continuous 

f.-j 

if / ■■ 

(a.) A is a bounded subset of R 

(b.) A is a dense subset of R 

(c.) A is an unboundecLsnd connected subset 
of R 

(d.)A is an unbounded and open subset of 


Let = + |jjJ -1 for all xeE. 

Then which of the following statement(s) 
is(are) TRUE? 

(a.) The equation P(x)~0 has exactly one 
solution in R 

(b.) P(x) is strictly increasing for all xeR 
•(c.)' The equation P(x)-0 has exactly two 

Vv. 

.. solution R 

(d-.) P(x) is strictly decreasing for all xeR 
Sv <.Thc function /: R-»R is given by 
-- f(x) = e uu * : + |x 2 —1| Which of the following 
is true about the function / ? 

(a.) It is not differentiable exactly at three 
points of R. 

(b.) It is not differentiable at x - 0. 

. (c.) It is differentiable at x = 2. 

‘ (d.) It is not differentiable at x = \ and 

x = -\. 

The function f{x)~a Q + a^\x\+a 2 \xf + c 3 W 

is differentiable at x = 0 

(a.) For no values of a 0 , a ) ,a 2 ,a 3 

(b.) For any value of a 0 , a 1 , a 2 , a 5 

(c.) Only if a, = 0 

(d.) Only if both = 0 and = 0. 

Suppose /: R -» R is a function that satisfies 
|/(x)-/(y)|<|x-.)f,p>0. Which of the 
following is correct? 

(a.) If /? = lthen / is differentiable 
(b.) If ft > 0 then / is uniformly continuous 
(c.) If (3 > lthen / is a constant function 
(d.) / must be a polynomial 
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Let /:R-»R be a continuous function with 

X + P 

period - p > 0 . Then g(x) = [ fit)dt is a 

(a.) Constant function 

(b.) Continuous function 

(c.) Continuous function but not 
differentiable 

(d.) Neither continuous nor differentiable 

Let A be the set of rational numbers in the 
open interval (0, 7) and f:A-> R be a 
uniformly continuous function. Which of the 
following are true? 

(a.) / is bounded 


13. Let 


■fix) - si 


smx-x + — 


g(x) = cos x -1 +- for ie®. Which of the 

. following statements are correct? 

(a.) /(x)^0 for all x>0 
(b.) g is an increasing function on [0, =o) 
(c.) g is an decreasing function on [0, «>) 
v (d.) / is a decreasing function on [0, oo) 

14/'-,:jxtSX( = [o, \]czR ■ For xeR , k 
= <5 is ^(Vj. = inf {\x-y\:yzl). Then 


(a.) / is bounded "’(a.) <p(x) is discontinuous somewhere on R 

(b.) / is necessarily a constant function \ \ , 7/ \ • *• „ D w 

y J J J (b.) (pix) i$ continuous on R but not 

(c.) / is differentiable on (0,7) \ / ' continuously differentiable exactly at 

. v x = 0 


(d.) / is differentiable at all the rational 
points in (0,7) 

Let / be a twice differentiable function o%*^ 
R. Given that fix) > 0 for all x e 

(a.) / (x) - 0 has exactly two solution on,R 


(b.) f(x) = 0 has a positive,,,-Solution M 
/(0) = 0 and /'(0) = 0 ff '*% 

(c.)/■(*) = 0 1ms no positive solution if 
/(0) = 0 and r<0).i|s| S . 


/ (c.) (pix) is continuous on R but not 
continuously differentiable exactly at 
x = 0 and x = l 


(d.) (pix) is differentiable on R . 


Jf 15. Consider 


function 


fix) = cos(|x - 5|) + sin (\x- 3|) + \x + lof - (\x\ + 4) 
At which Of the following point is / not 
differentiable? 

(a.) x-5 
(b.) x = 3 


16. Define 

/(*) = 


/ :M—>: 


x 2 if x < 0, 
2x+x 2 ifx>0 


/(0) = 0 and n0).^ i rfyfef/ • x ~ 

, , u ,, Wit (b.) v = 3 

(d.) /(x) = 0 has. no, positive solution if 

f)' : / x= ” 10 

Suppose is a differentiable t ( .) x-0 

function. Then which of the / following 16. Define /:M-»R 

statements are necessanjwfrue? , . f x 2 if x < 0, 

%. if /(x)H 2 Then w 

(a.) If fix) < r < 1 for all % e M\ then / has | 2 x+x if x > 

at least one fixed point. V* following statements are correct? 

(b.)If / has a unique fixed point, then ( a -) / W”? for all xeR 

f (x) < r < 1 for all x e R • . . (b.) f(0) does not exist 

(c.)If / has a unique fixed point, then , (c ) f{x) exists f or each **0 

fix) > r> -1 for all x g R 

(d.) /' (0) does not exist 

(d.) None of these 

28A/11, (First Floor) Jia Sarai, Hauz Khas, Near I.LT., New DeIU-110016, Ph.: (011>-26537527, Cell: 9999183434 & 9899161734,8588844787 
E.niall 5 iinfo®!dlpsacaoemy.»;Oii£i; Wcbsite: yyw.dlpsacademy.cpm 


Then which of the 


following statements are correct? 
(a.) f{x) - 2 for all xeR 
(b.) /*(0) does not exist 
(c.) f {x) exists for each x*0 
(d.) f (0) does not exist 
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Consider the function 

fix) = jcos x\+ |sin(2 - .v)| ^t which of the 
following points is / not differentiable? 


(a.) J(2»+l)~:»eZ 

(b.) {nn :« e Z} 

(c.) {nn + 2:neZ} 


(d.) 


F = {/: R R :|/(Jc)-/0')| * K\{x-y)\ a } 

For all x,ye R and for some a > 0 and some 

V*_, * k *' 

K> 0 .Which of the following is/are true? 'V 

(a.) Every / e F is continuous < ’'"X \ 

(b.) Every f e F is uniformly continuous \ 

(c.) Every differentiable function / is in F{' .\ 

(d.) Every / e F is differentiable \ ^ 


Let / :E-»E be defined^ 



f(x) = x 2 sinpr,x*0, /( 0) = 0 ^ 

11 * * ‘ ■ 

(a.) / is differentiable every^her# ; ' v wth 


continuous derivative 




(b.)/ is differentiable e\%ywheri| other ,■/ 
than the point # // 


than the point ,1,^ fi§gk. i. /: 

1 , % J /■/ 

(c.) / is nowhere differentiable 

(d.) / is differentiabl|,,,|p^its dlfivati^b is 


Let /:(@7^4-%be conti^pis. Suppose that 

| f(x) - f (y)| < |cosS4 co,s y] for all i, y € (0,1) 
.Then 


m ;¥ 

(a.) / is discontinuous/at ledst at one point 
in (0,1). 

(b.) / is continuous everywhere on (0,1) 
but not uniformly continuous on (0,1). 

(c.) / is uniformly continuous on (0,1). 

(d.) lim^o/W exists. 


The function /(*)•= UI +3 is 

(a.) Continuous as well as differentiable on 

(b.) Continuous on E but not differentiable 
anywhere on E 

(c.) Continuous on M and differentiable at all 
but finitely many points on E 

(d.) Non continuous on E 

Let fix) = Isin xx\, x e E .Then 

(a.) / is continuous nowhere 

(b~) f is continuous everywhere and 
differentiable nowhere 

If;)- f is-,, continuous everywhere and 

. differentiable, everywhere except at 

\ integral value of x 

>(d.) f is differentiable everywhere 

The function /(*) = 1-ll-xj on E is 

(a.) Not continuous 
(b.) Continuous but not differentiable 
(c.) Differentiable but not continuous 
(d.) Differentiable at only one point 
/;[0, l] —> K is a function. Which of the 
following is possible? 

(a.) f is differentiable but not continuous 
(b.) / is unbounded and continuous 
(c.) / is differentiable but its derivative is 
not continuous 

(d.) / is continuous but not integrable 

Let / = E->E he differentiable. Which of 
these will follow from mean value theorem? 

(a.) For all a,b in E , if a<c<b then 

mz m.fxc) 

k-a 

(b.) For some a,b in E and for all c in 

(a, b ), /g,) ~2 M = / ' (e ) 

v ' b-a 

(c.) For all a, b in E, there is some c in 

(a, b) such that ^ ~ ^ = f \c) 

(d.) For all a,b in E, there is a unique 
element c in (a. b) then the 
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• rn 

xsm — x # 0 - 


26 The function /(*) = 


(a.) Differentiable at 0 but not continuous 

(b.) Has 2 nd derivative at the origin 

(c.) Continuous at the origin but not 
differentiable 

(d.) Neither continuous nor differentiable at 
the origin 

27. The set of points where /(x) = |sinx| is not 
differentiable is 


(a.) Empty 
(b.) {0} 

(c.) {krr.k^'L} 


(d.)fe*eZ 


Different lability 


30. Let be a differentiable function 

such that sup rsM j/'(x)J < » . Then 

(a.) / maps a bounded sequence to a 
bounded sequence. 

(b.) / maps a Cauchy sequence to a 

Cauchy sequence, 
ot 

(c.) / maps a convergent sequence to a 
convergent sequence. 

(d.) / is uniformly continuous. 

31 v .. Let f.:R M be a twice continuously 
ot "... differentiable function, with 

)=>$) = / r (0) = 0. Then 

i X. 'S. \; 

V’xM, (a.) f is the zero function. 

t . V; 

, Y\. \ Mb.) r(0) is zero. 

\ (c.) / w (x) = 0 for some re(0, i). 

(d.) f never vanishes. 


Let f‘-{0,2)-^R be defined^,-^^ 


/(*)= 


x 2 If x is rational 
2x-l If x is irrational 


(a.) f is differentiable exactly a^one point - 
(b.) / is differentiable exactly at two'points 


(c.) / is not t 

( 0 , 2 ) 

(d.) / is diffi 












gjpp3$ 


/:R-» 3R is such that /(0)=0 and 
^Ax) <5 for all x. ^dfcan conclude that 

d? tj. f ... , 

/(I) ism . J%J/ : ' ' 

(a.) (5,6) 

(b.) [-5,5] 

(c.) (- 00 ,-5) u (5, oo) 

(d.) [-4,4] 


""“Vi? 2, Let f : [0, °°) —> [0, °°) be a continuous 

\ . '// function. Which of the following is correct? 

/• (a.) There is x 0 g [0, oo) such that f(x 0 ) = x 0 

V ! (b.) If f(x)<M for all xg[0, co) for some 

fj ■ : ' M > 0 , then there exists x 0 g[O, oo) 

/ such that /(x 0 ) = xo. 

mts V (c.) If / has a fixed point, then it must be 

,|. . - i! 7 unique, 

bmt in 

// (d.) / does not have a fixed point unless it 

f/' is differentiable on (0, co). 

i in r T n 

33. Take the closed interval [0,1J and open 
interval (l/3,2/3). Let k = [0,l]\(l/3,2/3). 
and For xe[0,l] define f(x) = d(x,K) where 

that /(x) = rf(x,^)=inf{|x-y|[ye^}. Then 


(a.) /: [0,1] K -> M is differentiable at all 

points of (0,1). 

(b.) / :[0,l] -> R is not differentiable at 

1/3 and 2/3. 

(c.) /:[0,l]-»R is not differentiable at 

1 / 2 . 

(d.) /: {0, l] -» R is not continuous 
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Let X = (0,l)u(2,3) be an open set in R. 

Let f be a continuous function on X such 

that the derivative /'(x) — 0 for all x. Then 

the range of f has 

(a.) Uncountable number of points 

(b.) Count ably infinite number of points 

(c.) At most 2 points 

(d.) At most 1 point 

If /(*) is real valued function defined on 
[0,oo] such that /(0) = 0 and /"(x)>0 

f( x ) 

for all x, then the function h f x) = --- - is 

x 

(a.) Increasing in f 0, col 

(b.) Decreasing in [0,l] i :, " ; " 

\ 

(c.) Increasing in [0, l] and decreasing in N 

M \> 

(d.) Decreasing in [0,1] and increasing in ^ 

Let / :R-»Rbe a continuous function^hd^ 
f(x+])-f (x) for all xeK. Then 

(a.) / is bounded above, bp|gnof bounded 

below. /y 

% % // 

(b.) / is bounded aboy^,|nd below, but rj 

: may not attaints bound®||^#' f! ■ 
(c.) / is bounded above-and, below and?/ 

.' ' jJ.' 

DdcidejiSiw^^ie folli^^g functions ‘are 
uniformly continlo|i|pn (mf ). ff ■ 


Different in 


38. Which of the following statements is (are) on 


the interval 0,— ? 

2 


(a.) cos x < cos (sin x) 


(b.) tan .vex 


(c.) sj\ + 'x <1 +—-— 
2 8 


(a .) f(x) = e x 
(b.) f(x) = x 

(c.) /W = tank¬ 
ed) /(x) = sin(x) 


m m 

Hftk fir 


t % fix 


<ln(2 + x) 


39. .Let /: R -» R be a differentiable function 

'with /(0) = 0 irTor all xeR,l< f ] (x)<2 , 

V. "'“'.tv. 

\ \ 

\ ' then Which one of the following statements 

. 

\ \ is true on (0, oo)? 

\ 

(a.) / is unbounded 
(b.) / is increasing and bounded 
/:’/ (c.) / has at least one zero 

• 1 

: ■■ ; ; 1 

y (d.) / is periodic 

40. Let fix ) = —!—+-!- for all 

V ' l + jx| l + |x-l| 

xe[--I,l]. Then which one of the following 
is TRUE? 


(a.) Maximum value of / (x) is 


(b.) Minimum value of / (x) is — 


(c.) Maximum of /(x) occurs at x^— 

2. 

(d.) Minimum of / (x) occurs at x = 1 
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ASSIGNMENT SHEET - 8 


Let a be a positive real number. Which of 
the following integrals are convergent? 


Let a,/? be real numbers and a > 1 


(a.) j;>. 


r« 

(a.) If p> Ithen J 


(h-) 


(b.) If p > — then 
a 


r® 1 

J~»U^ 


r<x> 1 

(c.) f - dx. 

K ’ J 4 x log* X 


(c.) If p < — then f 
a 


(d.) i 


1 


c(logx)" 


Let £ be a positive integer. The radius of 

. e _• _ ( n •)* kn • • ••,, 


* ■ ' ’~~~ w f 

s \d.) For any v p e R we have j 

h NX' ^' v - ' 

V. '<>. v. 


-|*T 


V 1 " ^ 

Nrv w . N 


convergence of the series V — xC is 


(a.) k v 

(b.)fT \ 

(C0 ^ >•)% 

Let \a n ;«>l} be a sequence of real numbers 

.such that ; Xr=] a » is • con ^g|j^% d 
]^J«Jis divergent. Let R be the radius oi 

convergence of the power series 2^a„x n - 
then we can conclude that I M l- v / 



VV^Let X = ['■—r- Then 
W j °l + A 8 


(a.) L< 1 
(b.) 4>1 


(c.) L< 


,(d.)f>f 


. •: 11 • v . , 

Jh, Let, /,g and A be bounded functions on 


(a.) 0 < i? < 1 

(b.) f= 1 
(c.) 1 < R < « 
(d.) /? 





Let / be a monotonijpajly increase# .function 


from [0,1] into [0,1]. 1 
statements is/are true? 


of the following 


the closed interval [a, b] , such that 
f(x)<g(x)<h(x) for all xe[a, b] . Let 
P = {a - a 0 < a } < a 2 < ...< a n = b } be a 
partition of [a, b\ . We denote by U(f,P) 
and L(f, P ), the upper and lower Riemann 
sums of / with respect to the partition P and 
similarly for g and h . Which of the 
following statements is necessarily true? 

(a.) If U(h, P)-U{f, P)< 1 then 
U(g, P)-L(g, P)< 1 


(a.) / must be continuous at all but finitely 
many points in [0,1] 


(b.)If L(h, P)-L{f, P)<1 then 
U(g, P)-L(g, P)< 1 


(b.) / must be continuous at all but 
countably many points in [0,1] 

(c.) / must be Riemann integrable 

(d.) / must be Lebesgue integrable 


(c.)If U(h, P)~L(f, P)< 1 then 
U(g, P)-L{g, P )<1 


(d-)If L(h, P)-U(f, P)< 1 then 
U(g, P)-L(g , F)<1 
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Riemann Integral 


Tl - A [2 + (—l)"T 

The power senes --—=Lx" converges 


Define /:[0, l]-s-[0, l] by f[ x ) = Lzl for 


(a.) Only for x = 0 
(b.) For all xeR 
(c.) Only for -1 < x < 1 
(d.)Onlyfor -I <x<l 

Area enclosed between x -axis from a to b 
and the curve fix) is finite when 


2 i_i -1 2 * —1 
/ e .**.1 • ^en / is 


Riemann-integrable function such that 


/ f 1 /• / \ . 2 

(a.) f{x)dx = — 
jo '- 1 x 




(a.) a = 0, b = co, f(x) - e ?t 


(c-) f/(x)d!x = 1 
\ ->0 ' 7 


(b.) a = ~x\ 6 = co, /(x) = <?" 


.,.. v < 1 
\, '’'X. 


(c.) a =-7, b = co, f (x) = —— 


""■'■13."Let /: R —> R be a continuous function such 


(d.) a--l, b — l t f(x) = \ 




•V‘Xi 

\ v v 


that J f[x)dx exists. Which of the following 


Let / be a continuously differentiable real- \ 
valued function on [a, b] such that 
|/'(x)|<AT for all xe[a y b]. For a partition 
P = {a = a 0 <a J <... <a„=b] , let U(f % , X- 
and L(/, P) denote the upper andMoweK>. ; , 
Riemann sums of / with respect, to 


statements are correct? 


(a.) If lim / (x) exists, then lim /(x) = 0 


(b.) The limit lim /(x) must exist and is zero 


(c.)In case / is a non-negative function, 
lim/(x) must exist and is zero 




(a.) | L(f, PlZK(b-aH\u(0®$L 

" : - f 


(d.)In case / is a differentiable function 
lim/'(x)must exist and is zero 


(c.) I Where 


M - max (a M -a,f is' the.norm oMhe 

ostsn-i v 1+1 •' it 


-''partition.»// " ! - 
Which of the conBlbns fiUbw imply that a 


function /:[0, l]4l& J# necessarily of 


14. Let /:R-»R be a differentiable function 
such that f is bounded. Given a closed and 
bounded interval [a, b] , and a partition 
P = {a 0 =a<a ] =b} of [a, b] , let 

M(f, P ) and /«(/, P) denote, respectively, 
the upper Riemann sum and the lower 
Riemann sum of / with respect to P . Then 


bounded variation? 


f % // 

(a.) / is a monotone functidn dn [0, l] 

(b.) / is a continuous and monotone function 
on [0, 1] 


(a.) M(f,P)~jf(x)dx<(b-a) 


sup{|/(*)|:xe[a,b]} 


(c.) / has a derivative at each x e (0, 1) 

(d.) f has a bounded derivative on the 
interval (0, 1). 


(b*) rn{.f,P)-\f{x)dx <(b-a) 


inf {|/Ml :jce M]} 
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V 

(c.) M{f i P)~\f{x)dx <{b-af 
a 

^p{i/'t*)i : * e [*»*]} 

b 

(d.) m(f,P)-\f(x)dx <(b-af 
a 

Let /:[0,l]-»K be continuous such that 
/(/>> 0 for all t in [0,1] . Define 

fit)dt then 


(a.) g is monotone and bounded 
(b.) g is monotone, but not bounded 
(c.) g is bounded, but not monotone 


IB. Suppose ■/ is . an increasing real valued 
function on [0 ? co) with /(x)> 0 Yx and let 

g (x) = 0 < x < . Then which of 

X 0 

the following are true: 

(a.) g(x)< fix) for all xg(0, co) 

(b.) xg(x)< fix) for all xe(0, ») 

(c.) xg(x)>/(0) xe(0, co) 

v forail *<y 

Let" /r[0,j] R be defined by 

if-O, then 

1 o if x=o 

v\ ^ " 


(c.) r is bounded, but not monotone (4 f *» contmuous on [0, l] 

(d.) g is neither monotone nor bounded (b.) / is of bounded variation on [0, l] 

■ v, ' 



Let / be a continuous function on 

I a '\ J: 

with /(0) = 1. Let Gia)~~\ fix)dx 


(a.) limG(«) = ”, ' 

a-*0 2- f 

(b.) limCr(c) = 1 JS^ i 

(c.) limG(a) = 0 1 % 

r _ feV 1 

(d.) The limit limG(a) does not exist g 
Match the following * '' 

•;v; » 5 k 

A * 

(i) Divergent & l%ges j§+«> if 


(ii) Convergent & valullf — if 

/'■/ : 

(iii) Divergent & diverges td^oo:':. 

0 t S. 8 

(iv) Convergent & value is — 

(a.) A-l, B-2 
(b.)A-3,B-4 
(c.) A-4,B-1 
(d.) A-2, B-3 


(c.) / is differentiable [0, l] and its 
derivative f is bounded on (0, 1) 

(d.) / is Riemarm integrable on [G,l] 


ff 20. Let /:[0,«>)-»R , and g:[0,co)->R be 

J continuous functions satisfying 

[/ /(.t) ;r(l+:v) 

jfi : J f 2 <fc=x 3 (l+x) 2 and J g(t)dt = x forail 


x g [0, oo) . Then /(2) + g(2) is equal to 


(d.)ll 

21. Find the value of p for which the integral 

Ur* 

J ——dx is convergent. 

0 l+x 

(a.) Convergent if p> 1 
(b.) Convergent if p=l 
(c.) Convergent if p -0 
(d.) Convergent iff p >0 
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Let be- a continuous function. 

Which of the following is always true? 


Let / (x) = x 3 - sin x, x e • T ^ en / is 


(a.) /”’ (£/) is open for all open sets C/ c R 


(b.) /"' (C) is closed for all closed sets 


CcK 


(c.) /“' (£) is compact for all compact sets 


A'cS 


(d.) f~'(G) is connected for all connected 


sets Gel 


(a.) Bounded and of bounded variation 
(b.) Unbounded and of bounded variation 
(c.) Unbounded but not of bounded variation 
(d.) Bounded but not of bounded variation 

27. If / : [l, 2] -» R is a non-negative Riemann- 
integrable function such that 

■'s,. ?'/(■*') , 7 ,- — i;-\ f( >-\/^v -±. 0 then k 


Let /:R—be differentiable with 
0 </'(*)< I for all x. Then 


- k\ f (x)dx # 0, 

I 


belongs to the interval 


(a.) / is increasing and / is bounded. 


(b.) / is increasing and / is -Riemann 
integrable on i . 

(c.) / is increasing and / is uniformly 


v\\ r / \ 

V !«•) 0;- 

C\\> L 3 


"V'v, , 

\ x.„ N>- 


(1 2 

(b U?3 


continuous. 


\ \ 
\ 


(d.) / is of bounded variation. 

c is a fixed point in [0, 1] . A foncfion^— 
/ :[o, l]~»R is defined \ 


( 4 
^3 


/<*>-{* ff! £ <I<i- Itisg ? enthtfth< 


Riemann integral j f{x)dx if —. T|eh the // 

0 \ \ ' 


The improper integral is 


value of c is 


swLXIy 


(b.)i 

(c.) — X'X. 


(a.) Convergent & value in 6 
(b.) Divergent & diverges to +oo 
(c.) Convergent & value is 4 
(a.) None of these 


CO L, n 

Z A 

—f= 
n =1 V« 


Si? 


(,)i 


V —. Then 

& « 


The improper integral J • sinxcfa is 


(a.) both converge on (-1,1] 
(b.) both converge on [— 1, l) 


(a.) Divergent 
(b.) Convergent 
(c.) Oscillatory 
(d.) Diverges to -oo 


(c.) exactly one of them converges on 


(d.) none of them converges on [-1, l) 
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Which one of the following does NOT hold 
for all continuous functions? 

(a.) If f(-t)=f(t) for each rej/vr.*], then 

~n 0 

(b.)If /(-*)=-/(;) for each then __ 

| f(t)dt = Q 

(c.) ]f{t)dt = -\f(t)dt 

(d.) There is an a with -jv < « < n such that 
j f(t)dt=2xf(a) 

-rr 

V +***«* kj. 

For a positive real number p, let (in- n - 1, _ 


For a positive real numoer p, iei yi a . u- m 

2,....) be a sequence of functions defined on V NV' 

f . 1 V Xx, / 


„p + 'x, ifO<x <i X 

[o, i] by /„(*M . j i.i, et X 

if-<x<K 
x " v V 

(*).jcs[ 0,1]. Then,on[60*%, 

v / n->a> sw V 

'•'l j 

(a.)/is Riemann integrable 
(b.) the improper integral ~fj{x)dx 
converges for p > 1 / ' 

(c.) the improper int|^^^^ 

converges forp < 1 fife.:, ■ ' 

■f . J *'W/ 

$ r - • 

(d.)/ n converges uniformly . 

T Pt Y which is 1 if 

mm IP# // 

* e 4 aiftf otiiefwise. Cotfgjler .•'/ ‘ 

~ nA "X Hr //. : 


33. Define / on [0,1]. 

/ x fx 2 ifx is rational 

/(*)-••] 3 . . Th 
[x if x is irrational 

(a.) / is not Riemann integrable on [0,1 ]. 

(b.) / is Riemann integrable and 

!/«*=? 

(c.) / is Riemann integrable and 

v\\l d ') rlo% fe< Io^ )<&= ? where 

SJ>' V f 1 f(x)dx and f ' f {x)dx are the lower 

'%;■/ *’0 

and upper Riemann inte s rais ° f f- 


/(•<!-1-7-/.,, ,, UX^[°- 


«=l n U; ?nn 


Then / (x) is 

(a.) Riemann integrable on [0,1] 


(b.) Lebesgue integrable on [0,1] 

(c.) Is a continuous function on [0,l] 
(d.) Is a monotone function on [0,1] 


X%£ Consider the improper Riemann integral 

; / x 

,/ \l y ~ V2<iy - 

/. ; This integral is: 

fii , .. (a/ Continuous in [0,oo). 

/ ? (b.) continuous only in (0,oo). 

■ y 

/j (c.) discontinuous in (0,<*>). 

(d.) discontinuous only in (1/2,co). 

35. Let /:[0,1]->R and g:[0,l]-»K be 
two functions defined by 

i If x =—,n<= N 
= n and 

0 Otherwise 

, . n If x = -,ne N 
0 Otherwise 

(a.) Both / and g are Riemann integrable 
(b.) f is Riemann integrable but g is not 
(c.) g is Riemann integrable but f is not 
(d.) Neither / nor g is Riemann integrable 
































/ i'\ 4 

For n > 1, let g ;i (.T) = sin 2 ^ + -J,A-e[0,cc) 

and/„(x)« £*«(*)*• Then 

(a.) {f n } converges pointwise to a function 
f on [0,co; , but does not converge 
uniformly on [0,oo) . 

(b.) {/„} does not converge to any function ^ 

on [ 0 ? oo) . 

(c.) {(„} converges uniformly on [0,1) . , 

(d.) {/„} converges uniformly on [0,») . KO ^ 

Let {4) and (c n } be sequence of realmuniFerSv^ ' 

then a necessary' and sufficient condition for 

the sequence of polynomials . 

f n (x) = b lt x + c n x i to converge uniformly to^X-^X. "" 

on the real line is > x — \.^ w 5 ’ 

(a.) k - ° and c - - 0 'x ; ., 

o>.) s*j».i<«and z>.i<» \7r /; 

(c.) There exists a positive integer X > 

that b =0 and c„ =0forall « : >W | // 

.. $ ; ■ 

-a 

• (d.) f % // 


V ■ 5. 

\ 




Let P n (x) = fl w x 2 + b n x + c n be a sequence 
of quadratic polynomials where 
a n ,b n ,c n e/?for all n> 1. Let 
distinct real numbers such that 

lira PM = A, • = 4 and 

li mP„{^) = A 2 .Then 

il-+w 

(a.) lim P H (x) exists for all x&R 

>, v . \ 

' : \ V, '"Nv v 

i;(bX liiri F n ’ (x) exists for all re R 

■'■'V.,. . . X. 

>.) lim p(XiA] does not exist 

y 3 J 

(d.) lim P„ {XXl does not exist 

H—*<* \ D J 

Let f u : [1, 2]—> [0. l] be given by 
f(x) = (2-xY for all non-negative integers 
n .Let /(x) = lim/„(.*) for \<x<2 . Then 

n-f» 

which of the following is true? 

(a.) / is a continuous function on [1, 2]. 

(b.) f„ converges uniformly to / on [1, 2] 
as «~*co. 


Let {/„} be a sequence of continuous lim 


functions on R. Sfe 


’ 7 %^ "&L 

(a.) If {/„) converges to j pointwise on /< 


(d.)for any as (1,2) we have 

lim f'„ (a) */'(«)• 


(b.) If {/„} converilljo ^mifbnhly on £ 
then limf 

1% /y . 

(c.) If {/„}converges to /^uniformly on R 
then / is continuous on R 

(d.) There exists a sequence of continuous 
functions {/„} on ^ » suc h that {-£»} 
converges to / uniformly on £ , but 

Urrs f® f f vWr at f f(x\dx 


\-nx for x e I 0, — 1 

Let /„ (x) = r-j 1 Then 

0 forxe lj 

(a.) lim f n (x) defines a continuous function 
on [0, 1] 

(b.) { fn } converges uniformly on [0, l] 

(c.) lim /„(x) = 0 for all xe[0, l] 

n-*® 

(A \ f (exists for all x e fO, ll 






























7, Let / ; (x) = x y " for « e [0, 1] . Then 
(a.) lira/ H (x) exists for all x e [0, 1] 

(b.) lira/ n (x) defines a continuous function 
on [0, l] 

(c.) {/„} converges uniformly on [0, l] 

(d.) lira /„(*) = ^ f° r x e [0, l]. 


P l : \ f n j converges uniformly 


8. Let /(x)-]T 




sin (/re) 


(a.) lim/(x) = 0 

T~>0 

(b.) lim/(x) = 1 

x —>0 


(c.) lim/(x) =— 

x->o 6 

(d.) lim / (x) does not exist 

x->0 


P,:{f n j converges uniformly 
P>-\f„{x)dx^R{x)dx 

a a 

P 4 : f is differentiable 

Then which one of the following need NOT 
be true 

(a.) TJ implies P } 

(b.) P 2 implies P x 
~ x -(c.j\P 2 implies P 4 
(d .)./3 implies P x 


s ':^:;" Let and fcr 

\ X * x g N . Then on the interval [0, ll, 


\N\ OO'Wh {/.} and {*.} —8 es 

« _ . c„. uniformly 

9. " The series Vx 1 ”'",x>0, is convergent on the x ' , ^ 

. , V V '- (b.)neither {/„} nor {g„} converges 

mterval \ > uniformly 

(a.) (0, Me) J ( c .) jyO converges uniformly but (g n j does 

(b.) (Me, e) : \ J/.. not converge uniformly 

(c.) (0, e) , : /'./ (d.){g„} converges uniformly but {/„} does 

k H ■ not converges uniformly 

(d.) (I e) $ //' 

v ’ ,*»*•*. .... .J - j 13. Which of the following sequence {/„}" of 

in t -* f * : * ! jl i:. and •••/. functions does NOT converge uniformly on 

'. L *.. Dx+Ate+l} \ fl : . [0,13? 


■ " i. ■ 

(do (i,.) 

.. wssasSii*. /?) 

^ /<W = {(«-i)Ji}Wi> ^ 311(1 

Crb" i]/(v) lor tiju.lj. The sequence 


(a.) Converges uniforihiy oii. [0, l] ? f# 

... , (b.) Convet^S'r^pmtwisef^ [0,1] but not 
uniformly ” pk ||| $ 

(c.) Converges pointwise for x=»0 but not 

'■Ar* e(0,l] T§|Jf ‘J 

(d.) Does not converge for |gc e [0,1] 

" • ... / ^ .. 

II. Let {/„} be a sequence 4 of real valued 

differentiable function on [<z, b] such that 
fn (*) -> /(*) as n-**> for every 
x e [a, b] and for some Riemann-integrable 
function f :[a,b] R . Consider the 
statements: 


W/.M-V 

(b) / n (x) = (l-x)" 


(c-) /„W- 
(d.) /.(*)- 


sin(nx+n) 


14. Which one of the following statements 
holds? 

CD 

(a.) The series £ x” converges for each 
n=0 

x e [-1,1] 

CO 

(b.) The series ^ x” converges uniformly in 
n =0 

(-hi) 
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co n 

(c.) The series Z converges for each 


co .« 

(d.) The series converges uniformly in 

«= 1 n 18 .. 
(-u) -^T. 

Consider two sequences {/„} and {g„} of 
functions where f a : [0,l] —» R and 

g n \R-¥ R are defined by f n (x) - x" and 

v \cos(x~n)7t! 2 If xe[«-l,/? + l] 

| 0 otherwise s . ^ T 

Then! _ 

(a.) Neither {/„} nor {g„} is uniformly ' 

convergent \ \ 

(b.) {/„} is not uniformly convergent but 

rib is ,\.Vf 1 

(c.) {g n } is not uniformly convergent but "'\ v w 

if.) . 

(d.)Both {/„} and {g„} are unifomilyb. 

convergent V_. w w // ■ 


. .rite*. 


Let ./,(*)^X 1.2. and t. 

jc e f—1,1*1 .Choose incorrect //• : 

•' : If H ' '• 

to U (*)£. does not lll rge unirom ' !y 

- r n1 ■ J # ' 

in [-1,1] 

1 

(b.) liny j f n (n)dx-fr 0 . Wg fi 2)V 

(c.) not converge uniformly in ZfU. 

[-o] w a % 

(d.) /„(*).» = 1,2 Hii’™* unifonnl >’ 

continuous in .?/ 

Find out which of the following series 
converge uniformly for* e (-tx,7u) . 

(a.) £—— 
n-\ n 

«=I n 


(c.) Z - 


^ ^ (( \ \ 2 

Let /, 7 (x) = (-x) m ,xg[0J] . Then decide 
which of the following are true. 

(a.) there exist a pointwise convergent 
subsequence of /„ 

(b.) f n has non pointwise convergent 
subsequence. 

{c j /,i converges pointwise everywhere. 

(d.) Z Las exactly one pointwise convergent 
. T subsequence. 

. Consider all sequences {/„} of real valued 
... continuous functions on [0, co) . Identify 
which of the following statements are correct, 
(a.) If {/„} converges to / pointwise on 

[0, oo) , then 

(b.) If {/„} converges to / uniformly on 

[0, co) , then 

(c.) If {/„} converges to / uniformly on 

[0, co) , then / is continuous on [0, co) . 

(d.) There exists a sequence of continuous 
functions {/„} on [0, co) such that {/„) 
converges to / uniformly on [0, oo) but 

j"/„ to*-* Jo”/to* 

Which one of the following statements is true 
for the sequence of functions 

n +x 

(a.) The sequence is monotonic and has 0 
as the limit for all xe[l/2,l] as « -* 00 
(b.) The sequence is not monotonic but has 

/(*)=-—- as the limit as n ->«>. 

XT 

(c.) The sequence is monotonic and has 

/ (x)=-y as the limit as . 
x 2 

(d.) The sequence is not monotonic but has 
0 as the limit 
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Function of Several Variables 


ASSIGNMENT SHEET -10 


Let A = j(x, y) e R 2 : x+y -1J Define 
f :A— >-R 2 by 

/(*,v) = f 7 —^-, ——-■] • Then. 

y 1 + x + y 1+x+y) 

(a.) The Jacobian matrix of f does not 
vanish on A 

(b.) f is infinitely differentiable on A 
(c.) / is injective on A 
(d.)/(^) = K 2 

Define /: IR 2 —> M 2 by 

f( x ,y)^(x + 2y+y 2 +\xy\, 2x+ y + x 2 + \xy\ 
for (x,y) e E 2 . Then \ 

(a.) / is discontinuous at (0,0) 

•s. 

(b.) / is continuous at (0,0) but nof^ 
differentiable at (0,0) 

(c.) / is differentiable at (0,0) _y 

(d.) / is differentiable at (0,0) add thevL 
derivative Df (0,0) is inveyttble 

".Let"- /:tf4R 2 be 

/(*> y) = (x + y, xy). Then /' 


J SJ 1 S’ -- ■as:;y„'5Jsr 

IF' ^ 

(a.) / is not differentiable at they point 


\>s 



( 0 , 0 ). 


• ,/Bssfc. pqfc j j, 

(b.) The derivativtbof ^^s invditiblb ..except 
.> on the set {(x,y) el- \x = y].-. , . 

: (c.) The inverse image, .of each point in R 2 

.•un#^^®iJwiao®k|if^lements:, ! '' 

y 'fgSsjg' /f 

(d.) / 4S‘sur|^£i%,_ igjHgr 

Let f:R m ->R m be jk di^ential/function. 

Let Df(x) be the derivative of 0 at xel” 

. Which of the followingls'/are correct? 

(a.) Zy'(x)(w) = 0 for all* R m .. 

(b.) zy(x)(«) = 0 for all h in r and some 
-ret" only if f is a constant. 

(c.) Df(x)(u) = 0 for all « eM m and all 
xel m only if / is a constant. 

(d.)If / is not a constant function, then 
Df (x j is a one to one function for some 
xeR m 


If /: S S is a function, then we.denote by 
f k , the function of (a times). Let 

f and f 2 be two functions defined on M 2 
as follows 

f ( x ’ V) = (x +1, y + 3), (x, y ) = (x - 3, y - 2) 

Then 

(a.) For any positive integer A , there exists a 
unique (a, 6)eR 2 , such that 

f k (0, 0) = 0 {a, b) . 

. _ (b.) For any real number a and any positive 
‘ integer, there is at most one solution y 

■ - .(c.) There exists (a/)eR 2 such that 
ftip,b)*f£{x,y) for any (x,y)eR 2 ' 
and any positive integer A . 
f is linear transformation. 

... Let '/: R" -> R be the map 

/(x,,x„) = a,x, +...+«„x„, where 
fa = («„..., a „) is a fixed non-zero vector. Let 
// Df(o) denote the derivative of / atO. 
Which of the following are correct? 

(a.) (Z/)(o) is a linear map from R" to M 

(b.) [(Df) (0)](fl) = l«|[ 2 

:v (c.) [(/>/) (o)>)=o 

(d.) [(D/)(0)](6) = a,6 1 +... + fl fl b n for 

£ = (£,,.•• A) 

Let f(x,y) = ^j jyyf.Then 

(a.) f x and f y do not exist at (0,0) 

(b-) /, (0,0) = 1 

(c.) f y (0,0) = 0 

(d.) / is differentiable at (0,0) 

Let z~x+iy and /:K 2 -»M 2 be the 
function 

f(x,y)~f(z)=z 2 =(x 2 -y 2 ,2xv) el 2 . Let 
(Df)(a) denote the derivative of / at a. 
Which of the following are true? 

(a.) {Df ){a)h -2 a k, where a=a x +ia 2 and 
h~\+ih j 

(b.) (Df)(a)= 2 / _ ' 22 l a = ( 0l ,a,) e K 2 

(c.) / is one to one on R 2 

(d.)For any ael 2 /{(0,0)},/ is one to one 
on some neighbourhood of a. 
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Let / : ]R n 3 K n be the'function defined by 
/(*) = x\\xf for rer . Which of the 
following statements are correct? 

(a.) [Df)( 0) = 0 
(b.) (zy)(.x) = 0 for all 
(c.) / is one-one 
(d.) / has an inverse 

Let / :AuE ->R 2 be differentiable, where 
A = j(.v, y) e M 2 : ~ < x 2 + y 2 < 1 j and 


£=(xj)e» 2 :(x-2f +(y-2f <i . Let 

2 j 

Df be the derivative of the functiohgTr^-^ 

Which of the following are necessarily 
correct? "\ NX 


. 


(a.) If (Df)(x,y) = 0 for all (x, y) eAuE, ‘ : 
then / is constant 

\ \ 

(b.)If {Df)[x,y)^=0 for all (x, y) e ^fAhcrff 

/ is constant on A V v V ** v 

V . *' *****r' 

(c.)If (Df)(x,y)~0 for all JfJ 

f is constant on E /•/ 

(d.)If {Df)(x,y) = 0 for $Jx,y)&vE, // 


then for some yg fj! 


/(x,y) = (x 0 ,y 0 ) forltl^^^lpad 

Let bef|||the function 

L(x) = {x, y) , wt||e (•jj|f is soine inner 
product on M n and Vgasjli fixed Vector in 

K". Further denote by &, the.iderivative of 
L . Which of the folIownlg<are necessarily 
correct? 

(a.) DL(u) = DL(v ) for all a/veR" 

(b.) DL(0, 0, ..., 0) = L 

(c.) Z)L(x)-fixjf for all xeR n 

(d) m(u...,i)=o. 


Function of'Several Variables 


Let 2n\ -»M 2 be the function 

/(/) = (cost, sin t). Which of the following 
are necessarily correct? 

(a.) There exists t 0 e[;r. 2n] such that 

. /'(0=— (f(2x)~f(x)) 
n 

(b.)There does not exist any ? 0 e[;r, 2k] 
such that /'(?„) = — (f(2?r)-fix)) 

7T 

(c.). There exists ? 0 e[;r, 2n] such that 

“ f Ml - /T ||/'(L )|| 

(d) fit) - (-sin/, cos?) for all t e [n, 2n ]. 

^Consider the map /: R 2 R 2 defined by 
fix, y >= (7x +x 4 , 3x + 4y + y *). Then, 

(a.) / is discontinuous at (0, 0). 

(b.) / is continuous at (0, 0) and all 
directional derivatives exist at (0, 0) 

(c.) / is differentiable at (0, 0) but the 
derivative Df (0,0) is not invertible. 

(d.) / is differentiable at (0, 0) and the 
derivative Df (0,0) is invertible. 

The map Z,:R 2 ->R 2 given by 

Z,(x,y) = (x,-y) is 

(a.) Differentiable everywhere on R 2 

(b.) Differentiable only at (0, 0) 

(c.) DL( 0, 0 )=L 

(d.) DL(x, y) = L for all (x,y)e R 2 ; 

Consider the map /: R 2 R 2 defined by 
f(x,y) = (3x-2y+x 2 ,4x+5y+y 2 ) . Then 

(a.) / is discontinuous at (0,0) 

(b.) / is continuous at (0.0) and all 
directional derivatives exists at (0, 0) 

(c.) / is differentiable at (0,0) but the 
derivative Df (0, 0) is not invertible 

(d.) / is differentiable at (0,0) and the 
derivative Df( 0, 0) is invertible. 
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Let / :.R : -» R and g : R 2 —> R be defined 
by /(x, 7 )=i^+|y| and g(x, y)~|xy|-. Then 

(a.) /is differentiable at (0, 0), but g 'is not 
differentiable at (0, 0) 

(b.) g is differentiable at (0, 0) , but / is 
not differentiable at (0, 0) 

(c.)Both / and g are differentiable at 

( 0 , 0 ) 

(d.) Both / and g are continuous at (0, 0) 


x 3 / (x 2 + y z ), (x, y) * (0,0) 
0, (x,y) - (0.0) 


2 °-; if /(^)=| v 0 

then at (0.0) 

(a.) / , f y do not exist 


(b.) f x ,f exist and are equal 

(c.) The directional derivative exists along 
any straight line 


(d.) f is differentiable 


2a>^Lef, 


l-cosfr+y 2 ) . (x,y)^(0, 


\\ % ^ derivatives f x .f y exist at every point 


i S>u,.. . 

\ NY 


2x y sh 


——.^-1 l-cosfr+y 2 )!. (x,y)*(0,0) , ’ -: /(x,>')- —.y ; (-dy)^(0,0);/(0,0)- 0 • 

f(X ' y) T +y] , w ■< 

k , x,y)40,0) V> ... 

, , - , - , . , r, \ • , 'Xx. fa.) f is continuous at (0,0) and the partial^ 

Then the value of k for which jfu,,x) is Vx Vx , . . , . . ’ 2 , Jpi 

K . X \ \ \ derivatives /' f exist at every point ofe 

.continuous at (0,0) is ■ iXxX'' ' ':V 

(a.)0 \ r2 

1 2X SNw’ (b.) f is discontinuous at (0,0) and f x , f exist 

(b.) — \ " 7 

2 \ . V-", / at every point of R 2 

^ c '' \ (c.)/ is discontinuous at (0,0) and /. f exist 

(d.) — only at (0,0) 

2 (d.) None of the above 

-• /"'* jhr Consider the function 

.•For. {x,y)eie f(x>y) = \S+y 2 ' K 0* ■ " ' 2 

1° *2? J *i /(xx)=^T)e[l/2,3/2]x[l/2,3/2] . The 

Then ]> y 

(a.) / and / exist at (0,0) / is continuous ' derivative of the function at (1,1) along the 

at- (0,0) j&Hk J j/. direction (1,1) 

(b.).and /, etfe (a.)0 

discontinuous at (0,0) xfgv f ^ ^ ^ 

(c.) / <md./ f’Y* existat (°’°) » f is (c) 2 

(d.) //and /dd%ot exist ,at ( 0 , 0 ) and / is ^ 

discontinuous3%0)t' // ■ J3~ Let /:3R 2 -*'R 2 be the function 

. . %M //. , /(r,8) = (r cos 0, r sinO). Then for which of 

Let ,./:R 2 ~>R 2 "W defined by _ 2 ... . 

' • r 1% X . ... the open subsets U of K z given below, / 

r ( x v ) - J x - + ? ^ X ^ ^ ratl0na restricted to C/ admits an inverse? 

W y >-\ 0 Otherwise 

_ 1 ■■■*-.. (a.) U = R 2 

Then w 

(a.) / is not continuous at (0,0) (b.) U - |(x,y) sR 2 :x >0,y > o| 

(b.) / is continuous at (0,0) but not . . % 

diffei^ntiableaKO.O) (c.) y = {(^) e K 2 :x 2 + /<l) 

(c,)/is differentiable only at (0.0) (d.) a,|( w )el* :«-l,y<-l) 

/» a /* * v/v._jt-l-l_v 2 




For (x,y) e i? 2 f(x,y) = U 2 +/ 

Then 

(a.) / and /.exist at (0,0) / is continuous 
at ( 0 , 0 ) 

(b.) /) and /,. exist 

discontinuous at (0,0) "y-': f. 

(c.) / ( 0 , 0 ).// is 

(d.) /and /do not exist,ai (0,0).and / is 
discontinuous al^p)|f' // 

Let „/:R 2 ~>R 2 defined by 

\ [x 2 +y 2 are rational 


■/M= 


Otherwise 


(a.) / is not continuous at (0,0) 

(b.) / is continuous at (0,0) but not 
differentiable at (0,0) 

(c.) f is differentiable only at (0,0) 

(d.) / is differentiable every where 
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Let /rlR 2 --*]^ be given by 
y(.t s .y)=^' 2 .y 2 +sinxj. Then the derivative of 

/ at (x.y) is the linear transformation given 
by 


2x 

0 N 

cosx 

2y, 

2x 

o N 

2y 

cosx y 

2 y 

COSX N 

2x 

0 , 

2x 

2y 1 

0 

COSX J 


Function of Several. Variables 


' (a.) a x +2 ( 2 2 
- (b.) a 2 +2a x 

( c -) y+«i 

(d.) ~^ + a 2 

26. A function f(x,y) on R 2 has the following 

.. partial derivatives 

-J-(x,y) = x-,—{x, y) = y 

ox oy 

Si \._ Then, 

y-- x (a.) / ba's ..directional derivatives in all 
direction everywhere. 

v (b.) / has a derivative at all points. 


A function /: ->■ R is defined by. 

/(x, y)=xy. Let v = (l,2) and a=(a l ,a 2 ) be \ 

V s._ 

two elements of l 2 . The directional 
derivative of / in the direction of v at ajs \. 


(c.) / has directional derivative only along 
the direction (l,l) everywhere. 

(d.) / does not have directional derivatives 
in any direction everywhere. 


Sr*"* 




$' ' / / 


J if 





« p // 

//‘ 

ip <£■■ 

k /•/ . 
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